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A SHEAF-THEORETIC APPROACH TO TROPICAL HOMOLOGY
ANDREAS GROSS AND FARBOD SHOKRIEH
ABSTRACT. We introduce a sheaf-theoretic approach to tropical homology, especially
for tropical homology with potentially non-compact supports. Our setup is suited
to study the functorial properties of tropical homology, and we show that it behaves
analogously to classical Borel-Moore homology in the sense that there are proper
push-forwards, cross products, and cup products with tropical cohomology classes, and
that it satisfies identities like the projection formula and the Künneth theorem. Our
framework allows for a natural definition of the tropical cycle class map, which we
show to be a natural transformation. Finally, we prove Poincaré-Verdier duality over
the integers on tropical manifolds.
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1. INTRODUCTION
1.1. Background. Tropical (co)homology theory is a new tool to associate algebraic
invariants to the spaces appearing in tropical geometry. They were introduced in
[IKMZ19] where it was shown that the tropical cohomology groups of tropical manifolds
have a Hodge-theoretic interpretation in algebraic geometry in case the tropical manifold
arises a the tropicalization of a smooth projective variety. As one would expect by
analogy to the algebro-geometric picture, tropical homology is also closely related to
tropical intersection theory. In [MZ14], Mikhalkin and Zharkov introduced the tropical
cycle class map on rational polyhedral spaces equipped with that assigns a class in
tropical homology to every tropical cycle. This map has been further studied in [Sha15]
in the case of tropical surfaces, and in [JRS18] with a special emphasis on locally finite
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2 ANDREAS GROSS AND FARBOD SHOKRIEH
tropical cycles with integer coefficients. An excellent introduction to the subject can be
found in [BIMS15].
1.2. Our contributions. We introduce a sheaf-theoretic viewpoint on tropical homol-
ogy which reduces constructions in tropical homology, which does not have a direct
counterpart in algebraic geometry, to well-known constructions in sheaf theory. The
basis for this is the following theorem that we prove in §4.7:
Theorem A (= Theorem 4.19). Let X be a rational polyhedral space. Then there exists
a natural isomorphism
H l fp,q(X)∼= H−qRHom•(ΩpX ,DX) ,
where H l fp,q(X) denotes the tropical homology groups defined via locally finite tropical
chains over Z, ΩpX denotes the sheaf of tropical p-forms, and DX denotes the dualizing
complex on X.
Motivated by this, and in analogy to the classical theory, we denote
HBMp,q (X) = H
−qRHom•(ΩpX ,DX)
and call it the (p,q)-th tropical Borel-Moore homology group. This formulation of
tropical homology makes it evident that the functorial behavior of tropical homology is
completely determined by the functorial behavior of tropical p-forms on the one hand,
and dualizing complexes on the other. With this in mind, the constructions of proper
push-forwards, cross products, cup products, and cap products in tropical homology are
straightforward generalizations of the classical constructions, at least after we establish
some general functorial properties of the sheaves of tropical forms. Our point of view
also sheds light on the identities that these operations satisfy. For example, we obtain a
tropical version of the Künneth theorem:
Theorem B (= Theorem 4.16). Let X and Y be rational polyhedral spaces such that all
tropical homology groups of X and Y are finitely generated and torsion free. Then we
have
HBMp,q (X×Y )∼=
⊕
i+ j=p
k+l=q
HBMi,k (X)⊗ZHBMj,l (Y ) .
Another advantage of a sheaf-theoretic view on tropical geometry is that sheaves
are very well-suited to pass from local to global considerations. We exploit this in our
definition of the tropical cycle class map, where we use the the definition of [MZ14]
locally and then utilize the sheaf property to glue. This has the advantage of avoiding
the necessity of dealing with global face structures or triangulations of the space, as one
needs to in the definitions in [MZ14,JRS18]. Once the tropical cycle class map is defined,
we prove that a natural transformation in the sense that it satisfies the compatibility
conditions summarized in the following theorem:
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Theorem C (= Corollary 5.8, Proposition 5.9, Proposition 5.12). The tropical cycle
class map commutes with proper push-forwards, cross products, and intersections with
tropical Cartier divisors.
Finally, we restrict our attention to tropical manifolds. As tropical manifolds shall
serve as the tropical counterpart of topological manifolds or smooth algebraic varieties,
their homology should satisfy a form of Poincaré duality. Our sheaf-theoretic point of
view allows us to use the well-established machinery of Verdier duality and makes it
evident that in order to get a duality statement, one has to describe the Verdier dual
D(ΩpX) of the sheaf of tropical p-forms Ω
p
X .
Theorem D (= Theorem 6.2). Let X be a purely n-dimensional tropical manifold. Then
there is a natural isomorphism
Ωn−pX [n]∼=D(ΩpX) .
In particular, we have
HBMp,q (X)∼= Hn−p,n−q(X) .
1.3. Related work. If one works with real (instead of integer) coefficients, there is an
isomorphism between tropical cohomology and the Dolbeault cohomology of Lager-
berg’s superforms, established by Jell, Shaw, and Smacka [JSS19]. The main ingredient
for this isomorphism is the fact that an appropriate complex of superforms defines a
soft resolution of ΩpX ⊗ZR. The authors of [JSS19] then proceed to use the fact that
top-dimensional compactly supported superforms can be integrated to prove a Poincaré
duality theorem on tropical manifolds for tropical cohomology with real coefficients.
In the course of the proof, they implicitly prove that ΩpX ⊗ZX RX is Verdier dual to
Ωn−pX ⊗ZX RX [n]. Smacka elaborated on this in his thesis [Sma17], where he also proves
a Künneth theorem for tropical cohomology with real coefficients, again by using super-
forms. We should note that the superform approach does not work in the case of integer
coefficients so that our computation of D(ΩpX) has to rely on different techniques.
To prove Poincaré duality for tropical (co)homology over the integers, one does not
necessarily have to use Verdier duality. This has been demonstrated in Jell, Rau, and
Shaw’s work [JRS18], where they prove Poincaré duality over the integers using an
Mayer-Vietoris argument. To do so, they use a well-behaved open cover of the tropical
manifold, which they obtain by assuming that it comes equipped with a global face
structure. We strengthen their result by eliminating the need for this additional structure.
We are hopeful that our sheaf-theoretic approach to tropical homology can be applied
to spaces that are not necessarily rational polyhedral, but possibly have singularities in
their affine structures. The resulting notion should be strongly related to the invariants
of integral affine manifolds appearing in Ruddat’s work [Rud] in the context of mirror
symmetry.
1.4. Structure of the paper. In sections 2 and 3 we recall the definitions of the objects
and operations needed in the main part of the paper. We try to follow the literature
[MZ14, IKMZ19, JRS18, Sha13, AR10, BIMS15] as closely as possible, but will provide
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a new perspective on some things. Most notably, we deviate from the literature in our
definition of tropical forms in section 2, and our treatment of tropical cycles in section 3
has an emphasis on working locally and highlighting their functorial properties.
In section 4 we introduce tropical Borel-Moore homology and study its functorial
behavior. We define proper push-forwards, cross products, cup products, and cap
products, and will prove Theorem B. Finally, we compare our theory with the on
obtained via locally finite tropical chains by proving Theorem A.
In section 5 we will define the tropical cycle class map and show that it is compatible
with proper push-forwards, cross-products, and intersections with Cartier divisors,
proving Theorem C. Furthermore, we show that our tropical cycle class map coincides
with the one introduced in [MZ14, JRS18] if we are given a (global) face structure.
Section 6 is devoted to prove Theorem D. To do so, we use the local nature of the
statement, allowing us to use tropical modifications and reducing it to the case where
X =Rn.
The main ingredients of our proof of Theorem A are of an entirely topological nature,
dealing mostly with certain sheaves of singular chains on conically stratified spaces. As
these results are of a very different flavor, and potentially of independent interest, we
decided to put them in Appendix A.
Acknowledgement. We would like to thank Philipp Jell, Amit Patel, Johannes Rau,
and Kristin Shaw for helpful discussions and conversations. AG was supported by the
ERC Starting Grant MOTZETA (project 306610) of the European Research Council (PI:
Johannes Nicaise) during parts of this project. FS was supported by the Danish National
Research Foundation through the Centre for Symmetry and Deformation (DNRF92)
during parts of this project.
Conventions. The natural numbersN include 0. All homology and cohomology groups
in this paper, whether classical or tropical, will be considered with integer coefficients.
2. RATIONAL POLYHEDRAL SPACES AND TROPICAL FORMS
2.1. Rational polyhedral spaces. We denote R :=R∪{+∞} and consider it with the
order topology. For n ∈ N, the n-fold product Rn has a natural stratification Rn =⊔
I⊆{1,...,n}RI , where the stratum
RI = {(xi)1≤i≤n | xi = ∞ if and only iff i ∈ I}
is naturally identified with Rn−|I|. Recall that a (rational) polyhedron in Rn is a finite
intersection of half-spaces of the form {x ∈ Rn | 〈m,x〉 ≤ a} with m ∈ (Zn)∗ and a ∈
R, where 〈·, ·〉 denotes the evaluation pairing. By a polyhedron in Rn we mean any
set occurring as the closure of a polyhedron in some stratum RI . Note that for any
polyhedron σ in Rn and subset I ⊂ {1, . . . ,n}, the intersection σ ∩RI is a polyhedron
in RI . A polyhedral set in R
n is a finite union of polyhedra.
An integral affine linear function on a subset X ⊆Rn is a continuous function f : X→
R that is of the form x 7→ 〈m,x〉+a for some m ∈ (Zn)∗ and a ∈R locally around every
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point in X . Here, we use the convention that 0 · (∞) = 0, and that 〈m,x〉 is only defined
if for all i such that the coordinate mi is nonzero, we have xi 6= ∞. In particular, if f is
integral affine linear on X and f (x) = 〈m,x〉+a for x ∈ X ∩RI , then mi = 0 for i ∈ I.
For every subset X ⊆Rn, the integral affine linear functions on open subsets of X define
a sheaf of abelian groups on X , denoted by AffX .
Example 2.1. Consider the polyhedral set
X = ∂ conv{(0,0),(1,0),(0,1),(1,1)}
in R2, which is the boundary of a square with sides of length one. Consider the function
on X that is given by 0 on the top and right edge of the square, and by −1+ x1 + x2
on the bottom and left edge of the square. This function is continuous and locally the
restriction of an integral affine linear function on R2. In fact, it coincides with the
restriction of an integral affine linear function on the union of any two adjacent edges of
the square. However, it is not equal to the restriction of a single integral affine linear
function on R2 everywhere because it has different slopes on parallel edges.
Definition 2.2. A rational polyhedral space is a second-countable Hausdorff topological
space X , together with a sheaf AffX of continuous functions such that for every x ∈ X
there exists an open neighborhood U ⊆ X , an open subset V of a polyhedral subset of
R
n for some n ∈N, and a homeomorphism ϕ : U → V that induces an isomorphism
ϕ−1 AffV →AffU via the pullback of functions. The data of U,V and ϕ is called a chart.
Definition 2.3. A morphism between two rational polyhedral spaces X and Y is a
continuous map f : X → Y that induces a morphism f−1 AffY → AffX via the pullback
of functions. A morphism is proper, if it is proper as a continuous map of topological
spaces, that is if the preimages of compact subsets of Y are compact.
Definition 2.4. Let X be a rational polyhedral space.
(a) A polyhedron in X is a closed subset P ⊆ X such that there exists a chart
X ⊇U ϕ−→V ⊆Rn such that P⊂U and ϕ(P)⊆Rn is a polyhedron. The faces of
P are the preimages under ϕ of the (finite or infinite) faces of ϕ(P). The relative
interior relint(P) of P is the complement in P of the union of its proper faces.
(b) A local face structure at a point x ∈ X is a finite set Σ of polyhedra in X that is
closed under taking faces and intersections (that is if τ is a face of σ ∈ Σ, then
τ ∈ Σ, and σ ∩δ ∈ Σ for all σ ,δ ∈ Σ with nonempty intersection), such that x
is contained in the (topological) interior of |Σ| = ⋃σ∈Σσ , there exists a chart
X ⊇U →V ⊆Rn with |Σ| ⊆U , and such that x ∈ σ for all inclusion-maximal
σ ∈ Σ.
(c) A (global) face structure on X is a set Σ of polyhedra in X that is closed under
taking faces and intersections such that X =
⋃
σ∈Σσ , and for every x ∈ X the set
of all faces of polyhedra in Σ that contain x is a local face structure at x.
(d) We say that a closed subset S⊆ X is locally polyhedral if at every point x ∈ X
there is a local face structure Σ and a subset Σ′ ⊆ Σ such that S∩|Σ|=⋃σ∈Σ′ σ .
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2.2. Tangent spaces. As constant functions are integral affine linear, there is an in-
clusion RX ↪→ AffX , where RX denotes the constant sheaf associated to R. Following
[MZ08], we denote the quotient sheaf AffX /RX by Ω1X and call it the cotangent sheaf.
The sections of Ω1X are called tropical 1-forms. The reason for this is that the cotangent
space at a point should consist of linear approximations of functions, and linear functions
are simply affine linear ones modulo constants. For x ∈ X we denote by
TZx X := HomZ(Ω
1
X ,x,Z) and
TxX := HomZ(Ω1X ,x,R)
the (integral) tangent space of X at x. It follows immediately from the definitions that a
morphism f : X → Y of rational polyhedral spaces induces a morphism
f ] : f−1Ω1Y →Ω1X ,
and hence morphisms of stalks Ω1Y, f (x)→ Ω1X ,x for all x ∈ X . These dualize to a mor-
phisms
dx f : TZx X → TZf (x)Y
between the integral tangent spaces. If Y =R, that is if f is an affine function on X , the
germ at x of the image of f in Γ(X ,Ω1X) under the quotient morphism AffX→Ω1X defines
a morphism TZx X → Z which coincides with dx f modulo the natural identification
TZf (x)R
∼= Z. For this reason, we use the notation d f for the image of f in Γ(X ,Ω1X).
Unfortunately, there is no known interpretation of TZx X or TxX as the set of equiva-
lence classes of “smooth” paths through x as in differential geometry. There is, however,
an interpretation of a subset TZx X as germs of functions (R≥0,0)→ (X ,x). Recall
that such a germ is a morphism [0,ε)→ X for some ε > 0 that sends 0 to x, up the
equivalence relation that allows to shrink the interval, i.e. restricting to [0,ε ′) for ε ′ < ε
does not change the germ. To every germ γ : (R≥0,0)→ (X ,x) we can associate the
tangent vector dxγ(1) ∈ TZx X , where we identify TZ0 (R≥0) with Z in the natural way.
In fact, since affine linear functions on R≥0 are completely determined by the value and
slope at 0, the germ γ is uniquely determined by dxγ(1). We define the local cone of X
at x as the subset of TxX given by
LCx X := {λ ·d0γ(1) | λ ∈R≥0, γ : (R≥0,0)→ (X ,x) a germ}
Proposition 2.5. Let X be a rational polyhedral space, and let x ∈ X. Then LCx X is a
rational polyhedral subspace of TxX with tangent space
T0(LCx X) = TxX
at the origin. Furthermore, there exists a unique morphism of germs
(LCx X ,0)→ (X ,x)
such that the induced map TxX = T0(LCx X)→ TxX is the identity.
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Proof. Since the definition of the local cone is local, we may assume that X is a polyhe-
dral subset of Rn for some n ∈N, and x = (x1, . . . ,xn). After a change of coordinates,
we may further assume that there exists a 0 ≤ k ≤ n such such x ∈ {∞}k×Rn−k. For
every connected open subset Y of a polyhedral set in Rn, every morphism Y → Rn
whose image contains x has to map entirely into {∞}k×Rn−k. This applies in particular
to open neighborhoods of 0 in R≥0 or LCx X , so both the local cone and the set of
germs of morphisms (LCx X ,0)→ (X ,x) only depend on X ∩({∞}k×Rn−k). The affine
functions defined on a neighborhood of x are, after potentially shrinking the neighbor-
hood, precisely those that are pullbacks of affine functions on Rn−k under the projection
X →Rn−k onto the last n− k coordinates. Therefore, the tangent space of X at x only
depends on X ∩ ({∞}k×Rn−k) as well. After replacing X by X ∩ ({∞}k×Rn−k), we
may thus assume that x ∈Rn−k. In this case, the local cone at x is easily seen to be equal
to the set
{v ∈Rn−k | x+[0,ε)v⊆ X for some ε > 0} ,
which is well-known to be a finite union of polyhedral cones, and in particular a
polyhedral set. In this case, it is equally well known that x has a neighborhood in X that
is isomorphic to a neighborhood of 0 in LCx X , so for the last part of the proof we may
assume that x = 0 and X = LCx X . It follows immediately that TxX = T0(LCx X) and
that the identity map defines a germ of maps (LCx X ,0)→ (X ,x) inducing the identity
on tangent spaces. Since such a germ is determined by the associated map on tangent
spaces, this finishes the proof. 
Corollary 2.6. Let X be a rational polyhedral space, and let x ∈ X. Then the local cone
LCx X spans the tangent space TxX.
Proof. Because LCx X is invariant under scaling, a linear function on TxX vanishes on a
neighborhood of 0 if and only if it vanishes on all of LCx X , which is true if and only
if it vanishes on the span of LCx X . But by definition of the tangent space, a linear
function on TxX vanishes on a neighborhood of 0 in LCX X if and only if it vanishes on
T0(LCx X). By Proposition 2.5, this shows that LCx X spans TxX = T0(LCx X). 
To define sheaves of tropical p-forms, one would like to take the p-th exterior power
of Ω1X . Unfortunately, even for very well-behaved rational polyhedral spaces,
∧pΩ1X
might very well be nontrivial for some p> dim(X). This is remedied with the following
definition.
Definition 2.7. For a rational polyhedral space X we denote by Xmax the set of points
in X that has a neighborhood isomorphic to an open set in Rn. By definition, Xmax is an
open subset of X . Let ι : Xmax ↪→ X denote the inclusion. Then one defines the sheaf of
graded rings Ω∗X as the image of
∧∗Ω1X in ι∗ (∧∗Ω1X |Xmax). Sections of ΩpX are called
tropical p-forms.
Note that Ω1X → ι∗Ω1X |Xmax is a monomorphism, so that the definition of Ω1X is
unambiguous. Also note that for p ∈ Xmax the rank of Ω1X ,p equals the local dimension
at p. Therefore, ΩpX = 0 for p > dimX .
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Z2
Z2/〈(0,1)〉 ∼=Z
Z2/〈(1,0)〉 ∼=Z
Z2/〈(−1,1)〉 ∼=Z
FIGURE 1. The standard tropical line and the stalks of its sheaf of
tropical 1-forms
Remark 2.8. The sheaf ΩpX of tropical p-forms is closely related to the sheaf F
p
X
considered in [MZ14]: ΩpX can be embedded intoF
p
X such that Ω
p
X ,x has finite index in
F pX ,x for all x ∈ X . If X is the tropical linear space associated to a loopless matroid M,
then ΩpX andF
p
X are equal and their stalks in the minimal stratum are isomorphic to the
projective Orlik-Solomon algebra of the matroid [Zha13].
Example 2.9. Let
X =R≥0(1,0)∪R≥0(0,1)∪R≥0(−1,−1)⊆R2
be the standard tropical line, depicted in Figure 1. Then the stalk Ω1X ,0 of the sheaf
of tropical 1-forms at the origin is isomorphic to the space of integer linear functions
on R2, which we can identify with Z2. For every x ∈ X not equal to 0, the stalk Ω1X ,x
is isomorphic to Z. The set Xmax is the complement of the origin, and the restriction
Ω1X |Xmax is locally free of rank 1. In particular,
∧n (Ω1X |Xmax) = 0 for all n > 1, and
hence ΩnX = 0 for n > 1. On the other hand, we have(∧2
Ω1X
)
0
∼=
∧2
Ω1X ,0 ∼=
∧2
Z2 6= 0 .
Finally, note that an integral linear function onR2 is completely determined by its slopes
in the directions (1,0) and (0,1), and hence the natural morphism Ω1X ,0→ (ι∗Ω1X |Xmax)0,
where ι : Xmax→ X is the inclusion, is an embedding.
Example 2.10. Let N be the lattice generated by elements e0, . . . ,e3 subject to the
relation ∑ei = 0, and let X be the union of the three half-planes in N⊗ZR given by
Hi =Re0+R≥0ei, where i ∈ {1,2,3}. Let e∗0,e∗1,e∗2 ∈ Hom(N,Z) be the dual basis to
e0,e1,e2. Then
∧2Ω1X ,0 is freely generated by e∗0∧ e∗1, e∗0∧ e∗2, and e∗1∧ e∗2. As both e∗1
and e∗2 vanish on e0, the restrictions of e
∗
1∧ e∗2 to the interiors of all three half planes
Hi vanish. On the other hand, no linear combination of e∗0∧ e∗1 and e∗0∧ e∗2 vanishes on
the interiors of all three half planes. Since Xmax =
⋃
H˚i, we conclude that Ω2X ,0 is the
quotient of
∧2Ω1X ,0 by Z(e∗1∧ e∗2).
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Tropical p-forms can be pulled back along morphisms, as shown in the following
proposition.
Proposition 2.11. Let f : X → Y be a morphism of rational polyhedral spaces. Then
the pullback
f ] : f−1Ω1Y →Ω1X
induces a pull-back
f−1Ω∗Y →Ω∗X ,
which we again denote by f ].
Proof. It is immediate that f ] induces a morphism∧
f ] : f−1
∧
Ω1Y →
∧
Ω1X .
To see that this induces a morphism on the quotients f−1Ω∗Y →Ω1X , we need to show
that if U ⊂ Y is open and we are given a section ω ∈ Γ(U,∧∗Ω1Y ) that restricts to zero
on U ∩Y max, then ∧ f ](ω) vanishes on f−1U ∩Xmax. Let x ∈ f−1U ∩Xmax, and let Σ
and ∆ be local face structures around x and f (x), respectively, such that f (σ) ∈ ∆ for all
σ ∈ Σ. Because ∧ f ](ω) is constant on a neighborhood of x, it suffices to show that it
vanishes on a maximal cell σ ∈ Σ. We may thus replace X by σ , in which case f factors
through the rational polyhedral space f (σ). Since f (σ) ∈ ∆, there exists a maximal cell
δ ∈ ∆ containing f (σ). As f factors through δ by construction, it then suffices to show
that the pullback of ω to
∧∗Ω1δ vanishes. But as we assumed that the restriction of ω
to the interior δ˚ of δ vanishes, this follows from the fact that the sheaf
∧∗Ω1δ on δ is
constant. 
3. TROPICAL CYCLES ON RATIONAL POLYHEDRAL SPACES
3.1. Tropical cycles. To define tropical cycles on rational polyhedral spaces, we first
need to recall their definition on affine space.
Definition 3.1. Let N be a lattice. A tropical fan k-cycle on NR = N⊗ZR is an integer
valued function A : NR→ Z such that
(1) For every λ ∈R>0 and x ∈ NR we have A(λx) = A(x),
(2) The support |A|= {x ∈ NR | A(x) 6= 0} of A is a purely k-dimensional polyhedral
subset of NR,
(3) A is locally constant on the open subset |A|max of |A| and 0 on |A| \ |A|max,
(4) A satisfies the so-called balancing condition: if Σ is a face structure on |A| such
that every σ ∈ Σ is a cone, then A is constant on the relative interiors of the
inclusion-maximal cells of Σ. Therefore, A and Σ define a weighted fan in the
sense of Allermann and Rau [AR10]. We ask that this weighted fan satisfies
the so-called balancing condition, that is that it is a tropical fan in the sense of
[AR10]. By [AR10, Lemma 2.11] this is independent of the choice of Σ.
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Remark 3.2. It is immediate from the definition that every tropical fan cycle in the sense
above defines a tropical fan cycle in the sense of [AR10]. If, conversely, A = [(Σ,ω)] is
a tropical fan cycle in the sense of [AR10], where we use their notation here, then ω
defines a locally constant integer-valued function on the subset of |A|max consisting of
the union of the relative interiors of all inclusion-maximal cones of Σ. This function can
be extended uniquely to a locally constant function on all of |A|max that is independent
of the representative (Σ,ω) and, if extended by 0 to all of NR, is a tropical fan cycle in
the sense of Definition 3.1.
Remark 3.3. We will rarely use the balancing-condition, but let us briefly recall its defi-
nition for the sake of being self-contained. If σ is a cone in NR and τ is a codimension-1
face of σ , then a lattice normal vector for σ with respect to τ is an element n ∈ σ ∩N
such that the morphism∧dim(τ)
TZ(τ)→
∧dim(σ)
TZ(σ), η 7→ n∧η
is an isomorphism, where the tangent spaces TZ(σ) and TZ(τ) are taken at any point
of the respective cones, and we consider them as sublattices of N. If Σ is a purely
k-dimensional rational polyhedral fan in NR, and ω : Σ(k)→ Z gives integer weights to
its maximal cones, then (Σ,ω) satisfies the balancing condition if for every τ ∈ Σ(k−1)
we have
∑
σ : τ⊆σ∈Σ(k)
ω(σ)nσ/τ ∈ TZ(τ)
for any, and hence every, choice of lattice normal vectors nσ/τ of σ with respect to τ .
Tropical fan k-cycles on NR form an Abelian group. We remark that the sum of two
such tropical cycles c and d is not simply the sum as integer-valued functions. This does
hold, however, if we consider integer-valued functions modulo those functions whose
support is a polyhedral set of dimension at most k−1.
Definition 3.4. Let X be a rational polyhedral space. We say that a function A : X → Z
is locally constructible if for every x ∈ X there exists a local face structure Σ at x such
that the restrictions A|relint(σ) are constant for all σ ∈ Σ.
Every integer-valued function A : X → Z on a rational polyhedral space X induces, at
every x ∈ X , a function germ at the origin of the local cone LCx X ⊆ TxX via Proposition
2.5. If A is locally constructible, then for every v∈ LCx X the value A(εv) is independent
of ε > 0, if chosen sufficiently small. This can be used to extend the germ to an
R>0-invariant function LCx X → Z, which we extend by 0 to a function
LCx(A) : TxX → Z .
Definition 3.5. Let X be a rational polyhedral space. A tropical k-cycle on X is a locally
constructible function A : X → Z such that LCx(A) is a tropical fan k-cycle on TxX for
all x ∈ X . The support of a tropical cycle A on X is the set |A|= {x ∈ X | A(x) 6= 0}.
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The addition for tropical fan k-cycles induces an addition for tropical k-cycles on a
rational polyhedral space X so that there is an abelian group Zk(X) of tropical k-cycles.
Similarly as for tropical fan cycles, the sum c+d of two tropical k-cycles agrees with
the sum of A and B as integer-valued functions up to an integer-valued function whose
support is a locally polyhedral subset of X of dimension at most k− 1. As both the
definition of tropical k-cycles and the definition of the addition are local, the assignment
U → Zk(U) on open sets of X , with the obvious restriction morphisms, defines a sheaf
Z Xk of tropical k-cycles on X .
3.2. Proper push-forward of tropical cycles.
Definition 3.6. Let A be a tropical k-cycle on a k-dimensional rational polyhedral space
X , and let f : X → Y be a proper and surjective morphism of rational polyhedral spaces.
Then for ever y ∈ Y which is not an element of the at most (k−1)-dimensional locally
polyhedral subset
f (X \Xmax)∪ (Y \Y max)
of Y , we define the push-forward of A along f as
f∗A(y) = ∑
x∈ f−1{y}
[TZy X : dx f (T
Z
x X)]A(x) ,
where we consider the lattice index as 0 if it is not finite. We extend this function by 0
to a function on Y . Note that the sum over f−1{y} is in fact finite, since we can only get
a nonzero contribution for isolated points of f−1{y}, of which there can only be finitely
many because f is proper.
In the general case, where X is not necessarily k-dimensional and f is not necessarily
surjective (but still proper), we consider the (co)restriction f˜ : |A| → f |A| of f and define
f∗A as the extension to Y by 0 of f˜∗A.
If f : X → Y is a proper morphism of rational polyhedral spaces, and A ∈ Zk(X),
then it follows immediately from the construction that f∗A is locally constructible. It is
usually not a tropical cycle in the sense of Definition 3.5, but there is a unique tropical
k-cycle B on Y such that f∗A and B coincide away from a locally polyhedral subset
of dimension at most (k−1). The uniqueness is clear, and for the existence part one
only needs to show balancing, which can be proven locally and thus follows exactly as
in [GKM09, Proposition 2.25]. From this it is clear that the push-forward induces a
morphism
Zk(X)→ Zk(Y )
of groups of tropical k-cycles, which, by abuse of notation, we denote by f∗ as well.
3.3. Cross products of tropical cycles. Given two tropical cycles on two rational
polyhedral spaces, one gets a tropical cycle on the product space by taking their cross-
product.
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Definition 3.7. Let X and Y be rational polyhedral spaces, and let A ∈ Zk(X) and
B ∈ Zl(X). Then we define the cross-product of A and B as the function
A×B : X×Y → Z, (x,y) 7→ A(x) ·B(y) .
It is straightforward to check that this is a tropical (k+ l)-cycle on X ×Y , and it is
evident from the definition that the cross-product defines a bilinear map
Zk(X)×Zl(Y )→ Zk+l(X×Y ) .
3.4. Tropical Cartier divisors.
Definition 3.8. Let X be a rational polyhedral space. A continuous function ϕ : X→R is
rational if at every x in X there exists a local face structure Σ such that ϕ|σ ∈ Γ(σ ,Affσ )
for all σ ∈ Σ. Sums of rational functions are rational. We denote the group of rational
functions on X byM (X).
Remark 3.9. Rational functions on a rational polyhedral space X are precisely the
piecewise linear function on X with integral slopes. The terminology “rational” comes
from the analogy with algebraic varieties, where the rational functions play a similar
role in the definition of divisors.
The condition on a function on a rational polyhedral space X to be rational is a
local condition. Therefore, the presheaf U 7→M (U) on X is in fact a sheaf, which we
denote by M X . Every affine linear function on X is rational, so there is an inclusion
AffX ↪→M X . Its quotient is the sheaf DivX of Cartier divisors, that is DivX is defined
as the unique sheaf fitting into a short exact sequence
0→ AffX →M X →DivX → 0 .
Definition 3.10. Let X be a rational polyhedral space. The group
Div(X) := Γ(X ,DivX)
is the group of Cartier divisors on X . The support |D| of D ∈ Div(X) is defined in the
sheaf-theoretic sense as the support of D considered as a global section of DivX .
If f : X → Y is a morphism of rational polyhedral spaces, then it is straightforward to
check that for every rational function ϕ on Y , the pull-back f ∗ϕ = ϕ ◦ f is a rational
function on X . Since the pull-back of rational functions is compatible with the pull-back
of affine linear functions, we obtain a pull-back morphism
f ∗ : Div(Y )→ Div(X)
for Cartier divisors.
There is an intersection pairing
Div(X)×Zk(X)→ Zk−1(X)
on every rational polyhedral space X due to Allermann and Rau [AR10]. Let us briefly
recall its construction. To define the product D ·A of a divisor D with a tropical k-
cycle A, we first pull back D to |A|, after which we can assume that X = |A|. We can
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then work locally around a point x ∈ X and replace X by its local cone LCx X . This
allows us to assume that X = |Σ| for some rational polyhedral cone Σ in Rn, that A is
represented by a balanced weight function on the k-dimensional cones of Σ, and that
D is represented by a piecewise linear function ϕ whose restrictions to the cones of Σ
are linear. The intersection D ·A is then represented by the weight Σ(k−1)→ Z that
assigns to τ ∈ Σ(k−1) the integer
∑
σ : τ⊆σ∈Σ(k)
〈ϕ− lτ ,nσ/τ〉A(σ) ,
which is independent of the choice of lattice normal vectors nσ/τ (see Remark 3.3) and
an integer linear function lτ on Rn with lτ |τ = ϕ|τ .
Remark 3.11. Note that rational functions on compact rational polyhedral spaces are
bounded by continuity. If one allows rational functions to obtain the value ∞, one obtains
a less restrictive notion of tropical Cartier divisors, for which one should still be able to
define the intersection pairing with tropical cycles, at least under some mild assumptions
on the underlying rational polyhedral space. In the prototypical example of tropical toric
varieties this has been done in [Mey11].
3.5. Tropical line bundles. Following [MZ08], we work with the following definition
of tropical line bundles:
Definition 3.12. A tropical line bundle on a rational polyhedral space X is a morphism
Y → X of rational polyhedral spaces such that locally on X there are identifications
Y ∼= R×X of spaces over X . Two tropical line bundles are isomorphic if they are
isomorphic as rational polyhedral spaces over X .
Note that the only automorphisms of R are the ones of the form x 7→ λ + x for
some λ ∈R. Therefore, the automorphism group of R×U is naturally isomorphic to
Γ(U,AffU) for any rational polyhedral space U . Using standard arguments involving
Cˇech cohomology, this leads to the the following description of the set of isomorphism
classes of tropical line bundles on a rational polyhedral space:
Proposition 3.13 (cf. [MZ08]). Let X be a rational polyhedral space. Then there is a
natural bijection between the set of all isomorphism classes of tropical line bundles on
X and the cohomology group H1(X ,AffX). In particular, the set of isomorphism classes
of tropical line bundles on X is a group.
If X is a rational polyhedral space, then the first boundary map in the long exact
cohomology sequence associated to the short exact sequence
0→ AffX →M X →DivX → 0
associates to every Cartier divisor D ∈ H0(X ,DivX) a tropical line bundle
L (D) ∈ H1(X ,AffX) .
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Remark 3.14. It follows from [JRS18, Lemma 4.5] that every tropical line bundle is of
this form if X admits a face structure. We expect this to remain true even in the absence
of face structures, but will neither prove nor use this fact in the remainder of this paper.
If f : X → Y is a morphism between rational polyhedral spaces, then applying H1 to
the pull-back morphism f ] : f−1 AffY → AffX induces a pull-back morphism
f ∗ : H1(Y,AffY )→ H1(X ,AffX)
for tropical line bundles.
Proposition 3.15. Let f : X → Y be a morphism between rational polyhedral spaces,
and let D ∈ Div(Y ) be a Cartier divisor on Y . Then we have
f ∗L (D) =L ( f ∗D) .
Proof. This follows immediately from the commutativity of the diagram
H0(Y,DivY ) H1(Y,AffY )
H0(X , f−1DivY ) H1(X , f−1 AffY )
H0(X ,DivX) H1(X ,AffX) ,
f−1f−1
H1( f ])
where the horizontal morphisms are the first boundary maps in the long exact cohomol-
ogy sequences associated to the short exact sequences
0 AffY MY DivY 0 ,
0 f−1 AffY f−1MY f−1DivY 0 , and
0 AffX M X DivX 0 ,
respectively. 
4. TROPICAL (CO)HOMOLOGY AND ITS FUNCTORIAL PROPERTIES
Notation and general references. We will denote the constant sheaf associated to an
abelian group A on a topological space X by AX . If F is any sheaf on X and S ⊆ X
is a locally closed subset, we will denoteFS = ι!ι−1F , where ι : S→ X denotes the
inclusion. For an abelian group A, we will sometimes denote (AX)S by AS if X is clear
from the context. We will denote the group of morphism between two ZX -modules
(sheaves of abelian groups on X , that is) F and G by HomZX (F ,G ), where we will
omit the subscript ZX if X is clear from the context. The bounded derived category
of ZX -modules will be denoted by D(ZX), and we will omit the subscript X if X is
a point, that is D(Z) denotes the bounded derived category of abelian groups. If C •
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and D• are two cochain complexes of ZX -modules, then HomD(ZX )(C
•,D•) denotes
the group of morphisms between them in D(ZX). As usual Hom•(C •,D•) denotes
the Hom-complex and RHom•(C •,D•) the derived Hom-complex, and similarly for
the internal homHom . The i-th cohomology sheaf of C • will be denoted by H i(C •),
whereas the i-th hypercohomology will be denoted by Hi(C •).
For background on sheaf theory and Verdier duality we refer the reader to [Be08,
Bre97, Ive86, KS94]
4.1. Tropical cohomology. Tropical cohomology groups are defined in analogy with
the cohomology groups appearing in the Hodge decomposition in algebraic geometry.
Definition 4.1. Let X be a rational polyhedral space, and let p,q∈N. Then the (p,q)-th
tropical cohomology group is defined as
H p,q(X) = Hq(X ,ΩpX) .
If Z is a closed subset of X , the (p,q)-th tropical cohomology with supports in Z is
defined as
H p,qZ (X) = H
q
Z(X ,Ω
p
X) ,
where HqZ denotes cohomology with support in Z, that is the q-th right derived functor
associated to the functor H0Z = ΓZ that takes sections with support contained in Z.
Remark 4.2. We will frequently use the isomorphism
H p,qZ (X)∼= HomD(ZX )(ZZ,ΩpX [q])
and thus write a tropical (p,q)-cohomology class α ∈H p,qZ (X) as an arrow ZZ
α−→ΩpX [q]
in D(ZX).
4.2. Tropical Borel-Moore homology. Similarly to the definition of the classical (i.e.
non-tropical) Borel-Moore homology, our definition of tropical Borel-Moore homology
will utilize the dualizing complex.
The dualizing complex DX of a rational polyhedral space X is an element of D(ZX)
representing the functor
D(ZX)→ D(Z) : A 7→ HomD(Z)(RΓcA,Z) ,
where RΓc is the (total) right derived functor of taking global sections with compact
support, and Z is considered as a complex concentrated in degree 0. The universal
element of the representation, that is the image of idDX under the isomorphism
HomD(ZX )(DX ,DX)
∼=−→ HomD(Z)(RΓcDX ,Z) ,
is called the trace map and we will denote it by
∫
X .
Definition 4.3. Let X be a rational polyhedral space, and let p,q ∈N. We define the
(p,q)-th (integral) tropical Borel-Moore homology group as
HBMp,q (X) :=H
0RHom•(ΩpX [q],DX) ,
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and the (p,q)-th (integral) tropical homology group with compact support as
Hp,q(X) :=H0cRHom•(ΩpX [q],DX) .
Furthermore, for a closed subset Z ⊆ X we define
HBMp,q (Z,X) :=H
0
ZRHom•(ΩpX [q],DX) .
Remark 4.4. Similarly as for cohomology classes, we will usually identify Borel-Moore
homology classes with morphisms in the derived category. To do so, we use the
identification
HBMp,q (Z,X) =H
0
ZRHom•(ΩpX [q],DX)∼=
∼= H0RHom•((ΩpX)Z[q],DX)∼= HomD(ZX )((ΩpX)Z[q],DX)
that allows as to write α ∈ HBMp,q (Z,X) as an arrow (ΩpX)Z[q]
α−→DX .
Remark 4.5. Using Verdier duality, one obtains an identification
HBMp,q (X) =H
0RHom•(ΩpX [q],DX)∼=
∼= H0RHom•(ΩpX [q],DX)∼= H−qRHom•(RΓcΩpX ,Z) .
The dualizing complex DX on a rational polyhedral space can be described explicitly
in terms of sheaves of singular chains.
Definition 4.6. Let X be a rational polyhedral space.
(a) For i ∈N, let ∆iX denote the sheafification of the presheaf
U 7→C−i(X ,X \U) ,
where C j(A,B) denotes the group of relative singular j-chains withZ-coefficients
of the pair A⊇ B. With the usual (co)boundary maps we obtain a cochain com-
plex ∆•X .
(b) The i-th homology sheafH iX := H
−i(∆•X) is the sheafification of the presheaf
U 7→ Hi(X ,X \U) ,
whose stalk at x ∈ X is canonically identified with Hi(X ,X \{x}).
The complex ∆•X is homotopically fine [Swa64, VI, Proposition 7], which implies that
the natural morphism
Γc∆•X → RΓc∆•
is a quasi-isomorphism. The global sections with compact support of ∆−iX are naturally
identified with Ci(X), so the natural augmentation C•(X)→Z defined by taking degrees
of 0-chains defines a morphism ∆•X →DX in the derived category (using the universal
property of DX), which is well-known to be an isomorphism. In particular, we have
H iX
∼= H−i(DX). This is one way of seeing that H i(DX) = 0 for i <−dim(X).
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Remark 4.7. If X is a rational polyhedral space with a face structure Σ, the dualizing
complex has a completely combinatorial description due to Shepard [She85]. More
precisely, DX is quasi-isomorphic to the complex which is given by
⊕
σ∈Σ(k)Zσ in
degree −k, where Σ(k) denotes the set of all k-dimensional polyhedra in Σ. To define
the differentials, one needs to pick orientations on all σ ∈ Σ. Having done this, the
differential is 0 between the components Zσ and Zτ of
⊕
σ∈Σ(k)Zσ and
⊕
τ∈Σ(k−1)Zτ
if τ * σ , and multiplication by εσ/τ else, where εσ/τ is 1 if the orientations on σ and τ
agree, and −1 else.
Lemma 4.8.
(a) The classical q-th (non-tropical) Borel-Moore homology group of X is isomor-
phic to HBM0,q (X).
(b) Let Z be a locally polyhedral subset of dimension d, and let ι : Z→ X denote
the inclusion. Then for all p ∈N we have
HBMp,d (Z,X) = HomZX (Ω
p
X , ι∗H
d
Z ) .
In particular, the presheaf U 7→ HBMp,d (U ∩Z,U) on X is a sheaf.
Proof. For (a) we use the fact that Ω0X = ZX and the natural isomorphisms
HBM0,q (X) = H
0RHom•(ZX [q],DX)∼= H−qRΓDX =H−qDX .
By definition, H−qDX is the q-th classical Borel-Moore homology group of X (as
introduced in [BM60]).
For part (b) we can use Remark 4.4 and the universal property of the dualizing
complex, to obtain the isomorphism
HBMp,d (Z,X)∼= HomD(ZX )((ΩpX)Z[d],DX)∼= HomD(ZZ)(ΩpX |Z[d],DZ) .
Since d = dim(Z), the cohomology groups H i(DZ) vanish for i <−d. Therefore, DZ is
quasi-isomorphic to a complex of injectives that is 0 in degrees <−d. It follows that
HomD(ZZ)(Ω
p
X |Z[d],DZ)∼= HomZZ(ΩpX |Z,H−d(DZ)) ,
which equals HomZZ(Ω
p
X |Z,H dZ ) by definition of H dZ . This in turn is isomorphic
to HomZX (Ω
p
X , ι∗H
d
Z ). For the “in particular”-statement we note that for every open
subset U ⊆ X we have DU ∼= DX |U . Therefore, the presheaf U 7→ HBMp,d (U ∩ Z,U)
is isomorphic to the presheaf U 7→ HomZU (ΩpX |U , ι∗H dZ |U), which equals the sheaf
HomZX (ΩpX , ι∗H dZ ).

4.3. Pull-backs. Let f : X → Y be a morphism of rational polyhedral spaces. Recall
from Proposition 2.11 that pulling back tropical forms defines a morphism of graded
sheaves of rings
f ] : f−1Ω∗Y →Ω∗X .
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Let (ZY
c−→ ΩpY [q]) ∈ H p,q(Y ) be a tropical (p,q)-cohomology class. As the pull-
back f−1 of sheaves of abelian groups defines an exact functor, it induces a functor
f−1 : D(ZY )→ D(ZX). Applying this functor to c and composing the resulting arrow
with f ] defines the pull-back
f ∗c ∈ H p,q(X) .
In other words, f ∗c is represented by the composite
ZX ∼= f−1ZY f
−1c−−−→ f−1ΩpY [q]
f ][q]−−→ΩpX [q] .
The map f ∗ : H p,q(Y )→ H p,q(X) is a morphism of abelian groups.
4.4. Proper push-forwards. If f : X → Y is a proper morphism of rational polyhedral
spaces, then precomposing the trace
∫
X : RΓcDX → Z with the natural isomorphism
RΓc ◦R f∗(DX)
∼=−→ RΓcDX defines a morphism RΓc(R f∗DX)→ Z. By the universal
property of the dualizing complex DY , this corresponds to a morphism
(4.1) R f∗DX →DY .
Together with the composite
(4.2) ΩpY → f∗ΩpX → R f∗ΩpX
obtained by pulling back tropical p-forms, this defines a push-forward on tropical
Borel-Moore homology:
Definition 4.9. Let f : X → Y be a proper morphism of rational polyhedral spaces, and
let p,q ∈N. The pushforward map
f∗ : HBMp,q (X)→ HBMp,q (Y )
associated to f is the composite of the morphism
HomD(ZX )(Ω
p
X [q],DX)→ HomD(ZY )(R f∗ΩpX [q],R f∗DX)
obtained by taking the derived push-forward and the morphism
HomD(ZY )(R f∗Ω
p
X [q],R f∗DX)→ HomD(ZY )(ΩpY [q],DY )
defined via composition with the natural morphismsΩpY →R f∗ΩpX in (4.2) and R f∗DX→
DY in (4.1).
Remark 4.10. Since the morphism ΩpY → f∗ΩpX factors through (ΩpY ) f (X), the push-
forward map factors through HBMp,q ( f (X),Y ).
It follows immediately from the functoriality of the derived push-forward and the
pull-back of tropical forms that the push-forward on tropical Borel-Moore homology is
functorial, that is ( f ◦g)∗ = f∗ ◦g∗ whenever f and g are composable proper morphisms
of rational polyhedral spaces.
For a better understanding of the push-forward we will need the following lemma:
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Lemma 4.11. Let f : X → Y be a proper morphisms of rational polyhedral spaces, and
let n = dimX. Then the morphism
f∗H nX →H nY
induced by the natural morphism R f∗DX →DY in (4.1) is induced by the push-forwards
Hn(X ,X \ f−1U)→ Hn(Y,U) of relative singular cycles for open subsets U ⊆ Y .
Proof. We will describe the morphism R f∗∆•X → ∆•Y induced by the natural morphism
R f∗DX →DY explicitly. To do so, we will first need to describe R f∗∆•X . Note that the
barycentric subdivision defines an endomorphism on ∆•X . Let S •X = lim−→N∆
•
X denote
the direct limit obtained by allowing repeated barycentric subdivision, and defineS •Y
similarly. The natural morphism ∆•X → S •X is a quasi-isomorphisms since taking
homology commutes with direct limits and the barycentric subdivision is a quasi-
isomorphism. In particular, R f∗∆•X = R f∗S •X . By [Bre97, Prop. V-1.8 and Thm. V-
12.14],S •X is a complex of soft sheaves, so the natural morphisms f∗S •X → R f∗S •X and
ΓcS •X → RΓcS •X are quasi-isomorphisms.
Next, we will show that the push-forward of relative singular cycles induces a mor-
phism f∗S •X → S •Y . If S pre,iX denotes the presheaf U 7→ lim−→NC−i(X ,X \U) on X ,
andS pre,i the analogous presheaf on Y , the push-forwards of relative chains Ci(X ,X \
f−1U)→Ci(Y,Y \U) for U ⊆Y open and i∈Z induce a morphism f∗S pre,•X →S pre,•Y
by the functoriality of the barycentric subdivision. Note that this does not automatically
induce a morphism of complexes of sheaves f∗S •X →S •Y because push-forward does a
priori not commute with sheafification. However using [Bre97, V-Lemma 1.7] one sees
that the presheavesS pre,iX have the property that for every compact set K ⊆ X there is
an equality
lim−→
K⊆U
S pre,iX (U) = lim−→
K⊆U
S iX(U) =S
i
X(K) ,
where the direct limits are taken over all open subsets containing K (note that the
second equality holds for every sheaf). Applying this to the fibers of f we obtain
isomorphisms of stalks ( f∗S pre,iX )y ∼= S iX( f−1{y}) ∼= ( f∗S iX)y for all y, and hence
sheafification commutes with push-forwards for the presheavesS pre,iX . Consequently,
the push-forward of relative singular cycles does in fact induce a morphism f∗S •X →S •Y .
To show that this coincides with the natural morphism R f∗DX →DY we apply RΓc and
obtain a morphism
ΓcS •X = Γc f∗S
•
X → ΓcS •Y ,
which is the one induced by pushing forward singular chains. In particular, in degree 0
it is the morphism
C0(X)→C0(Y )
that pushes forward points along f . This commutes with the degree morphisms to
Z, which are the traces defining the isomorphisms S •X ∼= DX and S •Y ∼= DY . So by
the definition of the natural morphism R f∗DX →DY it must agree with the morphism
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f∗S •X →S •Y obtained by pushing forward relative chains. From this description it is
clear that the morphism
f∗H nX →H nY
is induced by the push-forwards of relative singular cycles as well. 
4.5. Cross products and the Künneth Theorem. In this section we study the tropical
homology group on a product X ×Y of two rational polyhedral spaces X and Y . Let
pX : X ×Y → X and pY : X ×Y → Y denote the projections. In what follows we will
use the notation
F G = p−1X F ⊗ZX×Y p−1Y G
for sheavesF on X and G on Y , and
C •LD• = p−1X C •⊗LZX×Y p−1Y D•
for complexes of sheaves C • on X and D• on Y , where ⊗L denotes the derived tensor
product.
To define the cross-product in tropical homology, we first need to relate the dualizing
complex of X ×Y the dualizing complexes of the factors X and Y . The trace maps∫
X : RΓcDX → Z and
∫
Y : RΓcDY → Z induce a morphism
RΓcDX ⊗LZRΓcDY → Z⊗LZZ= Z .
By the Künneth formula [Ive86, VII-2.7], RΓcDX ⊗L RΓcDY is naturally isomorphic to
RΓc(DX LDY ), so by the universal property of DX×Y there is an induced morphism
DX LDY →DX×Y . Indeed, this is an isomorphism by [Be08, V, 10.26].
It will be convenient for us later to have an explicit description of this isomorphism in
terms of sheaves of singular chains.
Lemma 4.12. Let X and Y be rational polyhedral spaces. Then for all i, j ∈ N, the
morphism
H iX H
j
Y →H i+ jX×Y
defined via the natural isomorphism DX LDY
∼=−→ DX×Y is the one induced by the
relative cross products
Hi(X ,X \U)⊗ZH j(Y,Y \V )→ Hi+ j(X×Y,(X×Y )\ (U×V ))
for open subsets U ⊆ X and V ⊆ Y .
Proof. The Eilenberg-Zilber map defines a morphism
C•(X)⊗Z C•(Y )→C•(X×Y )
that induces morphisms
C•(X ,X \U)⊗ZC•(Y,Y \V )→C•(X×Y,(X×Y )\ (U×V ))
for all pairs of open subsets U ⊆ X and V ⊆Y . Since the products U×V for U ⊆ X and
V ⊆ Y open form a basis for X×Y , we obtain a morphism
∆•X ∆•Y → ∆•X×Y
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after sheafifying. By construction, the morphisms H iX H
j
Y →H i+ jX×Y induced by
this is defined by relative cross products. It thus suffices to show that this morphism
describes the natural morphism DX LDY →DX×Y .
Since ∆•X and ∆•Y are complexes of flat sheaves, the natural isomorphisms ∆•X
∼=−→DX
and ∆•Y
∼=−→DY define an isomorphism
∆•X ∆•Y
∼=−→DX LDY .
To finish the proof, we must show that the diagram
∆•X ∆•Y ∆•X×Y
DX LDY DX×Y
∼= ∼=
is commutative. By the universal property of DX×Y , we can apply RΓc and need to show
that the two morphisms C−•(X)⊗ZC−•(Y )→ Z in the diagram
C−•(X)⊗ZC−•(Y ) RΓc(∆•X ∆•Y ) C−•(X×Y )
RΓcDX ⊗LZRΓcDY RΓc(DX LDY ) RΓc(DX×Y ) Z ,
∼=
∼=
∫
X×Y
∼= ∼= ∼=
where the leftmost horizontal isomorphisms use the Künneth formula [Ive86, VII-2.7].
Note that the left square of the diagram is commutative by the functoriality of the
Künneth formula, coincide. By construction, the composite of the two morphisms
in the top row is the Eilenberg-Zilber map. In particular the morphism C−•(X)⊗Z
C−•(Y )→ Z obtained by moving clockwise through the diagram assigns 1 to a pure
tensor [x]⊗ [y] ∈C0(X)⊗ZC0(Y ) of 0-simplices (i.e. a point in X ×Y ). On the other
hand, by the definition of the natural morphism DX LDY → DX×Y , the composite
of the three morphisms in the lower row is the tensor product of the traces on X and
Y . By the definition of the morphisms ∆•X → DX and ∆•Y → DY it follows that the
morphism C−•(X)⊗ZC−•(Y )→ Z obtained by moving counterclockwise through the
diagram is the tensor product of the two augmentations C−•(X)→ Z and C−•(Y )→ Z
defined by the degree of 0-cycles. This product also assigns to 1 to any pure tensor
[x]⊗ [y] ∈C0(X)⊗C0(Y ). This finishes the proof 
Remark 4.13. In the proof of Lemma 4.12, we did not use the fact that the Eilenberg-
Zilber map C•(X)⊗C•(Y )→ C•(X ×Y ) is a chain homotopy equivalence. If one
incorporates this into the proof of the lemma carefully, then it also shows that the natural
morphism DX LDY →DX×Y is an isomorphism.
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To construct the tropical cross product we also need to relate the sheaves of tropical
forms on X ×Y with the sheaves of tropical forms on the factors. The projections pX
and pY induce morphisms
p]X : p
−1
X Ω
∗
X →Ω∗X×Y , p]Y : p−1Y Ω∗Y →Ω∗X×Y
of sheaves of skew-commutative graded rings. These morphisms induce a morphism
p]X ⊗ p]Y : Ω∗X Ω∗Y →Ω∗X×Y
of sheaves of skew-commutative graded rings, where we view Ω∗X Ω∗Y as the skew
tensor product (i.e. the usual tensor product of Z-algebras with a slightly modified
multiplication to make it skew-symmetric (cf. [Eis95, p. 571])) of p−1X Ω
∗
X and p
−1
Y Ω
∗
Y .
Lemma 4.14. The morphism
p]X ⊗ p]Y : Ω∗X Ω∗Y →Ω∗X×Y
is an isomorphism.
Proof. This is obvious in degree 1: working in charts this comes down to the facts that
the linear span of a product is the product of the linear spans and that the dual of a direct
sum of lattices is the direct sum of the duals. Because the exterior product of a sum
is the skew tensor product of the exterior products of the summands, and everything
commutes with pullbacks, we obtain an isomorphism∧∗
Ω1X 
∧∗
Ω1Y
∼=−→
∧∗
Ω1X×Y
induced by pX and pY . What is left to show is that if α β vanishes on (X ×Y )max,
then either α vanishes on Xmax or β vanishes on Y max. Assume the opposite. Then
there exists a point x ∈ Xmax at which α is nonzero and a point y ∈ Y max at which β is
nonzero. But since the stalks of
∧∗Ω1X are all free, this implies that αβ is nonzero an
(x,y), which is a point in (X×Y )max, a contradiction. 
Since p]X ⊗ p]Y is an isomorphism, we obtain a canonical splitting of the inclusion
ΩpX Ω
p′
Y →Ωp+p
′
X×Y for every p, p
′ ∈N. Having established this we are ready to define
the cross-product in tropical Borel-Moore homology.
Definition 4.15. Let X and Y be rational polyhedral spaces, and let α ∈ HBMp,q (X) and
β ∈ HBMp′,q′(Y ). Then the composite
Ωp+p
′
X×Y [q+q
′]→ΩpX [q]Ωp
′
Y [q
′] α
Lβ−−−→DX LDY ∼=DX×Y ,
where the leftmost morphism is the natural splitting of ΩpX Ω
p′
Y →Ωp+p
′
X×Y , defines an
element α×β ∈HBMp+p′,q+q′(X×Y ), the cross product of α and β . This defines a graded
bilinear morphism
× : HBM∗,∗ (X)⊗HBM∗,∗ (Y )→ HBM∗,∗ (X×Y ) .
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As both the identification DX LDY ∼= DX×Y and the pull-back of tropical forms
is functorial, the same is true for cross-products. In other words, if f : X → X ′ and
g : Y → Y ′ are proper morphisms of rational polyhedral spaces, then
f∗(α)×g∗(β ) = ( f ×g)∗(α×β )
for all α ∈ HBM∗,∗ (X) and β ∈ HBM∗,∗ (Y ).
Theorem 4.16 (Tropical Künneth theorem). Let X and Y be rational polyhedral spaces,
and assume that H pc (X ,ΩqX) is finitely generated for all p,q∈N. Then for every p,q∈N,
there is a natural decomposition HBMp,q (X×Y ) =
⊕
i+ j=p Ai, j,q, where
Ai, j,q ∼= HomD(ZX×Y )(ΩiX Ω jY [q],DX×Y ),
and for each i, j ∈N there is a short exact sequence
0→
⊕
k+l=q
HBMi,k (X)⊗ZHBMj,l (Y )→ Ai, j,q→
→
⊕
k+l=q−1
TorZ1 (H
BM
i,k (X),H
BM
j,l (Y ))→ 0 ,
where the first morphism is given by the cross product.
Proof. By Lemma 4.14, there is a natural decomposition
ΩpX×Y ∼=
⊕
i+ j=p
ΩiX Ω
j
Y ,
which induces a decomposition
HBMp,q (X×Y ) = HomD(ZX×Y )(ΩpX×Y [q],DX×Y ) =
=
⊕
i+ j=p
HomD(ZX×Y )(Ω
i
X Ω
j
Y [q],DX×Y )
which equals
⊕
i, j Ai, j,q if we set
Ai, j,q = HomD(ZX×Y )(Ω
i
X Ω
j
Y [q],DX×Y ) .
Using the universal property of the dualizing complex, we see that this equals
HomD(Z)(RΓc(ΩiX Ω
j
Y )[q],Z)∼= H−qRHom(RΓc(ΩiX Ω jY ),Z) .
By a version of the Künneth theorem [Ive86, VII 2.7], there is a natural isomorphism
RΓc(ΩiX Ω
j
Y )
∼= RΓcΩiX ⊗LZRΓcΩ jY ,
and hence we have
RHom(RΓc(ΩiX Ω
j
Y ),Z)
∼= RHom(RΓcΩiX ⊗LZRΓcΩ jY ,Z) .
By assumption, the cohomology groups of RΓcΩiX are finitely generated, so the natural
morphism
RHom(RΓcΩiX ,Z)⊗LZRHom(RΓcΩ jY ,Z)
∼=−→ RHom(RΓcΩiX ⊗LZRΓcΩ jY ,Z)
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is an isomorphism. Combining these isomorphisms, we obtain an isomorphism
Ai, j,q ∼= H−q
(
RHom(RΓcΩiX ,Z)⊗LZRHom(RΓcΩ jY ,Z)
)
.
So by the Künneth theorem for complexes [Wei94, Theorem 3.6.3] and the identifications
(see Remark 4.5)
H−kRHom(RΓcΩiX ,Z)∼= HBMi,k (X) , and
H−lRHom(RΓcΩ jY ,Z)∼= HBMj,l (X) ,
we obtain the desired short exact sequence. It remains to show that the first map in this
sequence is given by the cross product. The map in the exact sequence is the given by
the composites
HomD(Z)(RΓcΩiX [k],Z)⊗ZHomD(Z)(RΓcΩ jY [l],Z)→
→ HomD(Z)(RΓcΩiX [k]⊗LZRΓcΩ jY [l],Z)∼=
∼= HomD(Z)(RΓc(ΩiX [k]Ω jY [l]),Z)
whereas by Definition 4.15, the cross product HBMi,k (X)⊗ZHBMj,l (Y )→ Ai, j,q is given by
the composite
HomD(ZX )(Ω
i
X [k],DX)⊗ZHomD(ZY )(Ω jY [l],DY )→
→ HomD(ZX×Y )(ΩiX [k]Ω jY [l],DX LDY )→
→ HomD(ZX×Y )(ΩiX [k]ΩY [l],DX×Y ) .
The domains and codomains of these composites are naturally isomorphic by the uni-
versal property of the dualizing complexes. Showing that these natural isomorphisms
are compatible with the morphisms requires a quick diagram chase that eventually boils
down to the facts that the Künneth isomorphism
RΓc(C •LD•)∼= RΓcC •⊗LZRΓcD•
is functorial in both C • and D•, and that the morphism in
HomD(Z)(RΓc(DX LDY ),Z)
corresponding to the natural isomorphism DX LDY →DX×Y involved in the definition
of the cross product is defined via the Künneth isomorphism. 
4.6. Cup and Cap Products. Let X be a rational polyhedral space. Since Ω∗X is a sheaf
of rings, its cohomology group has a ring structure again, the multiplication being the
so-called cup product. If
(ZV
c−→ΩpX [q]) ∈ H p,qV (X) , and
(ZW
d−→Ωp′X [q′]) ∈ H p
′,q′
V (X) ,
A SHEAF-THEORETIC APPROACH TO TROPICAL HOMOLOGY 25
where p, p′,q,q′ are integers and V and W are locally polyhedral subsets of X , then their
cup product
c ^ d ∈ H p+p′,q+q′V∩W (X)
is represented by the composite
ZV∩W
∼=−→ ZV ⊗ZX ZW c⊗d−−→ΩpX ⊗ZX Ωp
′
X [q+q
′]→Ωp+p′X [q+q′] .
Here, the last morphism is the product on Ω∗X , and the morphism in the middle can be
obtained using the the fact that ΩpX ⊗ZX Ωp
′
X
∼=ΩpX ⊗LZX Ω
p′
X because Ω
∗
X is flat and the
functoriality of the derived tensor product. It follows directly from the associativity
property of the sheaf of rings Ω∗X that the cup product on H∗,∗(X) is associative. It
is also unital, the unity being represented by the identity map on ZX → ZX = Ω0X . It
is clear from the construction that the restriction of the cup product to H0,∗(X) is the
classical cup product on the cohomology of X (cf. Lemma 4.8 (a) and [Ive86][II.9.9]).
Proposition 4.17. Let f : X → Y be a morphism of rational polyhedral spaces. Then
the pull-back (defined in §4.3)
f ∗ : H∗,∗(Y )→ H∗,∗(X)
is a ring homomorphism.
Proof. Examining the definitions of cup products and pull-backs, we see that this
directly follows from the fact that the pull-back f ] : f−1Ω∗Y →Ω∗X of tropical forms is a
morphism of sheaves of graded rings. 
Similarly as the cup product, the cap product also generalizes from the classical to
the tropical setting. To define it, let
(ZV
c−→ΩiX [ j]) ∈ H i, jV (X) , and
((ΩpX)W [q]→DX) ∈ HBMp,q (W,X) ,
where p,q, i, j are integers and V and W are locally polyhedral subsets of X . Then the
cap product
c _ α ∈ HBMp−i,q− j(V ∩W,X)
is represented by the composite
(Ωp−iX )V∩W [q− j]
∼=−→ ZV ⊗ZX (Ωp−iX )W [q− j]
c⊗id−−→ΩiX ⊗ZX (Ωp−iX )W [q]→
→ (ΩpX)W [q]
α−→DX ,
where the second arrow can be defined using the functoriality of the derived tensor
product, and the third morphism is the product on Ω∗X . Again by the associativity
property of the sheaf of ringsΩ∗X , the cap product makes HBM∗,∗ (X) a left H∗,∗(X)-module.
It is clear from the construction that the restriction
H0,∗(X)×HBM0,∗ (X)→ HBM0,∗ (X)
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of the cap product is the cap product in classical Borel-Moore homology (cf. Lemma
4.8 (a) and [Ive86, IX.3]).
Proposition 4.18 (Projection formula). Let f : X →Y be a proper morphism of rational
polyhedral spaces, let α ∈ HBMp,q (X) and c ∈ H i, j(Y ). Then we have the equality
f∗( f ∗c _ α) = c _ f∗α
in HBMp−i,q− j(Y ).
Proof. Both sides of the equation correspond to a morphism
Ωp−iY [q− j]→DY .
More precisely, the left side of the equation corresponds to the morphism obtained by
moving counterclockwise along the square in the diagram below, whereas the right side
of the equation corresponds to the morphism obtained by moving clockwise along the
square.
Ωp−iY [q− j] ΩiY ⊗ZY Ωp−iY [q] Ω
p
Y [q]
R f∗Ωp−iX [q− j]
R f∗( f−1ΩiY ⊗ZX Ωp−iX )[q] R f∗(ΩiX ⊗ZX Ωp−iX )[q] R f∗Ω
p
X [q]
R f∗DX DY
c⊗ id
R f∗( f−1c⊗ id)
R f∗α
It thus suffices to show that the square commutes. Using the fact that f−1 and R f∗ are
adjoints, this boils down to the fact that f ] : f−1Ω∗Y →Ω∗X is a morphism of sheaves of
rings. 
4.7. Comparison with singular tropical homology. Let X be a rational polyhedral
space, and let Σ be a face structure on X . We say that a singular simplex σ : ∆q→ X
(where ∆q denotes the standard q-simplex) respects the face structure Σ if for every face
Θ⊆ ∆q there exists a polyhedron P ∈ Σ such that σ(relint(Θ))⊆ P. A tropical (p,q)-
simplex (with respect to Σ), is a pair (σ ,s), where σ : ∆q→ X is a singular q-simplex
respecting the face structure Σ and s∈Hom(ΩpX |σ(∆q),Zσ(∆q)). We denote by Cp,q(X ;Σ)
the free abelian group generated by tropical (p,q)-simplices (w.r.t. Σ). If (σ ,s) is a tropi-
cal (p,q)-simplex, then pulling back (σ ,s) along the i-th face morphism δ q,i : ∆q−1→∆q
yields a tropical (p,q− 1)-simplex ∂p,q,i(σ ,s) = (σ ◦ δ q,i,s|σ(δ q,i(∆q−1))). Extending
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∂p,q,i by linearity and taking alternating sums, one defines the differentials
∂p,q =
q
∑
i=0
(−1)i∂p,q,i
and obtains a chain complexes Cp,•(X ;Σ). We call their homology groups
Hsingp,q (X ;Σ) := Hq(Cp,•(X ;Σ))
the singular tropical homology groups of X (with respect to Σ). They agree with the
tropical homology groups introduced in [IKMZ19]. It is well-known that they do not
depend on Σ, which will also follow from Theorem 4.19.
Allowing locally finite chains, that is infinite sums of tropical simplices such that
every point has a neighborhood intersecting only finitely many of them, instead of only
finite chains we obtain chain complexes Cl fp,•(X ;Σ) whose homology groups
H l fp,q(X ;Σ) = Hq(C
l f
p,•(X ;Σ))
are the locally finite tropical homology groups of X (with respect to Σ). They agree with
with tropical homology groups studied in [JRS18]. Again, it will follow from Theorem
4.19 that they are independent of the face structure Σ.
Theorem 4.19. Let X be a rational polyhedral space equipped with a face structure Σ.
Then there are natural isomorphisms
H l fp,q(X ;Σ)∼= HBMp,q (X) , and
Hsingp,q (X ;Σ)∼= Hp,q(X) .
Proof. The face structure Σ defines an admissible stratification on the space X in the
sense of Definition A.3. By Proposition A.5, the subcomplex ∆Σ,•X of ∆
•
X consisting of
chains respecting Σ (we refer to Appendix A for a precise definition of ∆Σ,•X ) is quasi-
isomorphic to ∆•X . Furthermore, by Proposition A.9, there is a natural quasi-isomorphism
Hom•(ΩpX ,∆Σ,•X )
∼=−→ RHom•(ΩpX ,DX) .
Taking hypercohomology with closed/compact supports we obtain natural isomorphisms
H−qHom•(ΩpX ,∆•S )
∼=−→H−qRHom•(ΩpX ,DX) = HBMp,q (X) , and
H−qc Hom•(ΩpX ,∆•S )
∼=−→H−qc RHom•(ΩpX ,DX) = Hp,q(X) .
Since ∆Σ,•X is homotopically fine, the same is true forHom•(ΩpX ,∆Σ,•X ). It follows that
the natural morphisms
H−qHom•(ΩpX ,∆Σ,•X )→H−qHom•(ΩpX ,∆Σ,•X ) and
H−qc Hom•(ΩpX ,∆Σ,•X )→H−qc Hom•(ΩpX ,∆Σ,•X )
are isomorphisms. Note that for each i ∈N there is a morphism⊕
σ
Zσ(∆i)→ ∆Σ,−iX ,
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where the sum is taken over all singular i-simplices σ : ∆i→ X respecting Σ, that sends
the generator of Zσ(∆i) to the global section represented by σ ∈Ci(X ;Σ) =Ci(X ,X \
X ;Σ) (see (A.1)). This morphism is in fact an isomorphism: the stalk of both
⊕
σ Zσ(∆i)
and ∆Σ,−iX at x ∈ X is isomorphic to the free abelian group on singular i-simplices that
respect Σ and contain x in their image. Therefore, if we write ισ : σ(∆i)→ X for the
inclusion , we have
Hom
(
ΩpX ,∆
Σ,−i
X
)∼=Hom(ΩpX ,⊕
σ
Zσ(∆i)
)
∼=
∼=
⊕
σ
Hom
(
ΩpX ,Zσ(∆i)
)∼=⊕
σ
(ισ )∗Hom
(
ΩpX |σ(∆i),Zσ(∆i)
)
,
where the direct sum commutes with Hom because ΩpX is constructible. The group
of global sections of this last sheaf is precisely Cl fp,i(X ;Σ), and the group of its global
sections with compact support is precisely Cp,i(X ;Σ). Leaving the straightforward
check that this identification commutes with the differentials to the reader, we obtain an
isomorphism
Γ
(
Hom(ΩpX ,∆Σ,•X )
)∼=Cl fp,−•(X ;Σ) and
Γc
(
Hom(ΩpX ,∆Σ,•X )
)∼=Cp,−•(X ;Σ)
of cochain complexes of abelian groups. Taking their (−q)-th cohomology finishes the
proof. 
5. THE TROPICAL CYCLE CLASS MAP
Conventions for orientations. To define the tropical cycle class map one needs to
make a choice regarding orientations. There are two ways of defining an orientation for
Rn that are relevant for us, one being the choice of a generator for
∧n TZ0 Rn ∼=∧nZn,
the other being the choice of a generator for Hn(Rn,Rn \{0}). For the construction of
the tropical cycle class map we need to choose, once and for all, an isomorphism∧n
TZ0 R
n ∼=−→ Hn(Rn,Rn \{0})
that allows us to compare these two notions of orientation, and our choice will be
the one that sends e1 ∧ . . .∧ en to class of the (linearly embedded) singular simplex
[en,en−1, . . . ,e1,e0], where e1, . . . ,en is any basis for Zn and e0 =−∑ni=1 ei.
Suppose that σ is a k-dimensional polyhedron in Rn and τ ⊆ σ is one of its faces
of codimension 1. Assume we have chosen orientations ησ ∈ ∧k TZ(σ) and ητ ∈∧k−1 TZ(τ). With our convention in place, cellular homology provides us with classes
of locally finite cycles
[σ ] ∈ H l fk (σ ,∂σ) and [τ] ∈ H l fk−1(τ,∂τ) .
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If ∂τ denotes the composite
H l fk (σ ,∂σ)→ H l fk−1(∂σ)→ H l fk−1(∂σ ,∂σ \ relint(τ))∼= H l fk−1(τ,∂τ),
and nσ/τ ∈ TZ(σ) is any lattice normal vector of σ with respect to τ , the equalities
∂τ [σ ] = [τ] and ησ = ητ ∧ nσ/τ are equivalent. In this case, we say that the chosen
orientations on σ and τ are compatible.
5.1. Tropical cycles as sheaf hom. The following crucial observation, together with
Lemma 4.8 (b), will allow us define the tropical cycle class map.
Proposition 5.1. Let X be an n-dimensional rational polyhedral space. Then there is a
natural isomorphism of sheaves
Z Xn
∼=Hom(ΩnX ,H nX ) .
Proof. We will first define the isomorphism locally around a point x ∈ X . Let Σ be
a local face structure at x. After potentially shrinking Σ, we may assume that |Σ| is
compact, in which case Σ gives a CW-complex structure to the neighborhood |Σ| of
x. After choosing orientations ησ ∈ ∧dim(σ)TZ(σ) for all σ ∈ Σ, cellular homology
provides a description of H nX ,x = Hn(X ,X \ {x}) as a subgroup of the free group on
Σ(n), where Σ(i) denotes the set of i-dimensional cells of Σ. Namely, it is the group of
all weights w : Σ(n)→ Z such that for every (n−1)-dimensional cell τ ∈ Σ containing
x we have
(5.1) ∑
σ : τ⊆σ∈Σ(n)
εσ/τw(σ) = 0 ,
where εσ/τ is either 1 or −1, depending on whether the chosen orientations on σ and τ
agree or not. If y is a point in the interior of |Σ|, then the set
Σy = {σ ∈ Σ | there exists τ ∈ Σ so that σ ⊆ τ and y ∈ τ}
is a local face structure at y, so with the same reasoning we conclude that H nX ,y is
the group of weights w : Σy(n)→ Z satisfying the condition displayed in (5.1) for all
(n−1)-dimensional cells τ ∈ Σ containing y. This description is continuous in the sense
that we obtain an exact sequence
0→H nX →
⊕
σ∈Σ(n)
Zσ →
⊕
τ:x∈τ∈Σ(n−1)
Zτ
on the interior of |Σ|, where the map to the right is determined by the condition (5.1).
Note that this is precisely the description of H nX one obtains from Shepard’s com-
binatorial description of the dualizing complex mentioned in Remark 4.7. Applying
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Hom(ΩnX ,−) to the sequence, we obtain an exact sequence
0→Hom(ΩnX ,H nX )→
⊕
σ∈Σ(n)
ισ∗Hom(ΩnX |σ ,Zσ )→
→
⊕
τ:x∈τ∈Σ(n−1)
ιτ∗Hom(ΩnX |τ ,Zτ) ,
where ιδ : δ → X denotes the inclusion for every δ ∈ Σ. By Lemma A.8, for every δ ∈ Σ
we have an isomorphism
Hom(ΩnX |δ ,Zδ )
∼=−→ (κδ )∗Hom(ΩnX |relint(δ ),Zrelint(δ )) ,
where κδ : relint(δ )→ δ denotes the inclusion, and the latter sheaf is in turn naturally
isomorphic to the constant sheaf (∧n
TZδ X
)
δ
on δ . Here, we denote TZδ X := Γ(relint(δ ),Ω
1
X |relint(δ ))∗, which is naturally isomorphic
to TZx X for any x ∈ relint(δ ). If σ ∈ Σ(n), then TZσ X is isomorphic to Zσ and is
generated by ησ . We thus obtain an exact sequence
0→Hom(ΩnX ,H nX )→
⊕
σ∈Σ(n)
Zσ →
⊕
τ:x∈τ∈Σ(n−1)
(∧n
TZτ X
)
τ
,
where the component of the rightmost morphism going from Zσ to
(∧n TZ(τ))τ is 0
if τ is a face of σ at infinity, and sends the generator 1 of Zσ to ητ ∧nσ/τ else, where
nσ/τ ∈ TZ(σ) is any lattice normal vector of σ relative to τ . This effectively yields a
presentation ofHom(ΩnX ,H nX ) on a neighborhood of x as the sheaf of locally constant
functions A on Xmax such that for every codimension-1 face τ ∈ Σ(n−1) we have
ητ ∧
(
∑
σ∈Στ (n)
A(σ)nσ/τ = 0
)
,
where Στ(n) denotes the subset of Σ(n) consisting of cells that have τ as a finite face.
This equality holds if and only if
∑
σ∈Στ (n)
A(σ)nσ/τ ∈ TZ(τ) ,
which is precisely the balancing condition (see Remark 3.3). In other words, we obtain
an isomorphism Z Xn ∼=Hom(ΩnX ,H nX ) in a neighborhood of x.
To show that these local isomorphisms glue to a global isomorphism, we essentially
need to show that the local isomorphisms are independent of all choices. The choices
we made were the local face structure and the orientations on them. We used the
same orientations to pick generators for
∧n TZ(σ) and Hn(σ ,∂σ), so if we picked the
opposite orientation on one of the cells σ , we would change signs twice and hence
obtain the same isomorphism. It remains to show that a different local face structure
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would also provide the same isomorphism. But to compare two different choices of
local face structures one can always pass to a common refinement, and it is clear that the
construction of the isomorphism is compatible with refinements. 
Remark 5.2. Going through the proof of Proposition 5.1 we obtain the following de-
scription of the isomorphism Z Xn ∼=Hom(ΩnX ,H nX ) locally around a point x using a
local face structure Σ at x and orientations ησ ∈∧n TZ(σ) on each of its maximal cells
σ ∈ Σ. The description of the morphisms ΩnX →H nX corresponding to A ∈ Zn(X) uses
three ingredients:
(1) Using the orientations and cellular homology, we can choose for each facet
σ ∈ Σ(n) of dimension n a chain [σ ] supported on σ such thatH nX is, locally
around x, isomorphic to the subsheaf of ∆−nX generated by the [σ ], σ ∈ Σ.
(2) Whenever ω ∈ Γ(U,ΩnX) is a tropical n-form defined on an open subset of the
interior of |Σ|, we can pair it with ησ to obtain a locally constant, integer-valued
function 〈ω,ησ 〉 on U ∩σ .
(3) If A is a tropical n-cycle defined on the interior of |Σ|, then it defines a multiplicity
A(σ) on every σ ∈ Σ(n).
With notation as in (1), (2), and (3), the morphism ΩnX →H nX that A is mapped to by
the isomorphism can now be described by the rule
ω 7→ ∑
σ∈Σ(n)
A(σ)〈ω,ησ 〉[σ ] .
5.2. The tropical cycle class map. We can now define the tropical cycle class map.
We do this in two steps, first for top-dimensional tropical cycles and then in general.
Definition 5.3. Let X be an n-dimensional rational polyhedral space. We define the
tropical cycle class map on n-dimensional tropical cycles
c˜ycX : Zn(X)→ HBMn,n (X)
as the composite of the canonical map
Zn(X)→ Hom(ΩnX ,H nX )
and the canonical identification
Hom(ΩnX ,H
n
X ) = HomD(X)(Ω
n
X [n],DX) = H
BM
n,n (X) ,
where the first equality holds since H− j(DX) =H
j
X = 0 for j > n.
To define the tropical cycle class map in the remaining dimensions we use push-
forwards:
Definition 5.4. Let X be an n-dimensional rational polyhedral space. For a tropical
cycle A ∈ Zi(X), i ∈N, we define its tropical cycle class by
cycX(A) := ι∗(c˜yc|A|(A)) ∈ HBMi,i (X) ,
where ι : |A| ↪→ X is the inclusion map. Note that c˜yc|A|(A) is defined, since i = dim |A|.
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Remark 5.5. Using Remark 4.10, we can (and will) view the tropical cycle class of
A ∈ Zi(X) as an element of HBMp,q (|A|,X)
For top-dimensional tropical cycles, we now have two ways to take their tropical
cycle classes which are a priori different: one by applying c˜yc and one by applying cyc.
As a byproduct of the compatibility with push-forwards we will see that they agree (see
Corollary 5.7).
5.3. Compatibility with push-forwards. As we have seen, both tropical cycle groups
and tropical Borel-Moore homology groups are functorial with respect to proper mor-
phisms. We will now show that the tropical cycle class map respects push-forwards,
that is that it defines a natural transformation between tropical cycle groups and tropical
homology groups.
Proposition 5.6. Let f : X → Y be a proper morphism of n-dimensional rational poly-
hedral spaces. Then the tropical cycle class map c˜yc commutes with push-forwards. In
other words, the diagram
Zn(X) Zn(Y )
HBMn,n (X) H
BM
n,n (Y )
f∗
f∗
c˜ycX c˜ycY
is commutative.
Proof. Inspecting the definitions of c˜ycX , c˜ycY , and the push-forward in homology, we
see that the statement boils down purely formally to proving the commutativity of the
diagram
Zn(X) Zn(Y )
Hom(ΩnX ,H
n
X ) Hom(Ω
n
Y ,H
n
Y ) ,
f∗
where the vertical maps are induced by the natural isomorphisms of Proposition 5.1, and
the lower horizontal map sends a morphism ΩnX →H nX to the composite
ΩnY → f∗ΩnY → f∗H nX →H nY ,
where the rightmost morphism is the (−n)-th cohomology of the natural morphism
R f∗DX → DY . By Lemma 4.11, this morphism is induced by the push-forward mor-
phisms Hn(X ,X \ f−1U)→ Hn(Y,U) between the singular relative homology groups.
So let A ∈ Zn(X). We will compare the two morphisms in Hom(ΩnY ,H nY ) obtained from
A. Since tropical n-cycles on Y are determined by their restriction to a dense open subset
of Y max, it suffices to do this locally at a point y ∈ Y max \ f (X \Xmax). Let ϕ ∈ ΩnY,y.
To compute the image of ϕ under the morphism obtained from A by moving along the
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square counterclockwise, we first take its image f ∗ϕ in ( f∗ΩnX)y = Γ( f
−1{y},ΩnX). We
note that the support of f ∗ϕ only consists of isolated points of f−1{y}. Indeed, f ∗ϕ
is nonzero at x ∈ f−1{y}, if and only if dx f : TZx X → TZy Y is injective, which is the
case if and only if f is injective on a neighborhood of x. In particular, we see that f ∗ϕ
is supported on finitely many points, call them x1, . . . ,xk, because f−1{y} is compact.
Now we take the image of f ∗ϕ under the morphism
( f∗ΩnX)x = Γ( f
−1{y},ΩnX)→ Γ( f−1{y},H nX ) = ( f∗H nX )y
induced by A. To understand it we use the explicit description of the canonical morphism
Zn(X)→Hom(ΩnX ,H nX ) given in Remark 5.2, which is particularly simple here because
we are working on Xmax. We pick an orientation ηy ∈∧n TZy Y , which induces orienta-
tions ηxi ∈
∧n TZxi X for all 1≤ i≤ k. These orientations define generators [σxi] ∈H nX ,xi
and [δ ] ∈H nY,y. The image of f ∗ϕ in Γ( f−1{y},H nX ) is then represented by
k
∑
i=1
A(xi)〈 f ∗ϕ,ηxi〉[σxi] ,
We observe that
〈 f ∗ϕ,ηxi〉= [TZy Y : dxi f (TZxi X)]〈ϕ,ηy〉 .
So when we finally apply the morphism
( f∗H nX )y = Γ( f
−1{y},H nX )→H nY,y,
we see that (
k
∑
i=1
[TZy Y : dxi f (T
Z
xi X)]A(xi)
)
〈ϕ,ηy〉[δ ]
is the image of ϕ . Looking back at Definition 3.6, we see that this is precisely the image
of ϕ under the morphism ΩnY,y→H nY,y induced by f∗A. 
Corollary 5.7. Let X be an n-dimensional rational polyhedral space. Then the two
morphisms c˜ycX ,cycX : Zn(X)→ HBMn,n (X) coincide.
Proof. Let A∈ Zn(X), and let ι : |A| → X be the inclusion. The statement is trivially true
for A = 0, so we may assume that |A| is an n-dimensional rational polyhedral subspace
of X . By definition of cycX , we have cycX(A) = ι∗(c˜yc|A|(A)), which equals c˜ycX(ι∗A)
by Proposition 5.6. As ι∗A = A, this finishes the proof. 
Corollary 5.8. Let f : X → Y be a proper morphism of rational polyhedral spaces.
Then the tropical cycle class map cyc commutes with push-forwards. In other words,
the diagram
Zi(X) Zi(Y )
HBMi,i (X) H
BM
i,i (Y )
f∗
f∗
cycX cycY
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is commutative for all i ∈N.
Proof. By definition of the tropical cycle class map, the assertion holds if X is a rational
polyhedral subspace of Y and f is the inclusion. Now assume f is general and A∈ Zi(X).
Using the result for inclusions and the fact that push-forwards are functorial for both
tropical homology classes and tropical cycles, we reduce to the case where X = |A|,
Y = f (|A|), and dim(X) = i. If dim(Y )< dim(X), then HBMi,i (Y ) = 0 and the statement
is trivial, so we may assume i = dim(Y ) = dim(X). In this case, the result follow from
Proposition 5.1 and Corollary 5.7. 
5.4. Compatibility with cross products. Given tropical cycles A and B on locally
polyhedral spaces X and Y , we have defined their cross-product (§3.3) and the cross-
product of their tropical cycle classes (§4.5). We now show that the tropical cycle class
of the former equals the latter.
Proposition 5.9. Let X, Y be rational polyhedral spaces, and let i, j ∈ N. Then the
tropical cycle class map takes cross products to cross products. In other words, the
diagram
Zi(X)⊗Z Z j(Y ) Zi+ j(X×Y )
HBMi,i (X)⊗ZHBMj, j (Y ) HBMi+ j,i+ j(X×Y )
×
×
cycX⊗cycY cycX×Y
is commutative.
Proof. Let A ∈ Zi(X) and B ∈ Z j(Y ). By the functoriality of the cross-product we may
assume that X = |A| is purely i-dimensional, and Y = |B| is purely j-dimensional. In
this case, both morphisms
cyc(A)× cyc(B) : Ωi+ jX×Y [i+ j]→DX×Y , and
cyc(A×B) : Ωi+ jX×Y [i+ j]→DX×Y
are completely determined by the morphisms Ωi+ jX×Y →H i+ jX they induce by taking
cohomology in degree −(i+ j). By Proposition 5.1, it suffices to compare these mor-
phisms locally at a point z = (x,y) ∈ (X×Y )max. Then x ∈ Xmax and y ∈ Y max. Let ηx
be a generator of
∧i TZx X and ηy a generator of ∧ j TZy Y , and let [σx] and [σy] be the
corresponding generator ofH iX ,x andH
j
Y,y. Then as explained in Remark 5.2, the mor-
phism ΩiX ,x→H iX ,x defined by X is given by ω 7→ 〈ω,ηx〉A(x)[σx], and the morphism
Ω jY,y→H iY,y defined by B is given by ω 7→ 〈ω,ηy〉B(y)[σy]. By definition of the cross
product and Lemma 4.12, the morphism Ωi+ jX×Y,z→H i+ jX×Y,z induced by cyc(A)×cyc(B)
takes ω⊗ω ′ ∈ΩiX ,x⊗Ω jY,y ∼=Ωi+ jX×Y,z to
〈ω,ηx〉〈ω ′,ηy〉A(x)B(y)[σx]× [σy].
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Here [σx]× [σy] denotes the classical cross-product, which equals the generator [σz] of
H i+ jX×Y corresponding to the generator ηz = ηx⊗ηy of
∧i+ j TZz (X×Y ). Therefore, the
expression above for the image of ω⊗ω ′ equals
〈ω⊗ω ′,ηx⊗ηy〉(A×B)(z)[σz]
which is precisely the image of ω⊗ω ′ under the morphism Ωi+ jX×Y,z→H i+ jX×Y,z induced
by cycX×Y (A×B). 
5.5. Chern classes. Let X be a rational polyhedral space. As explained in §3.5, the
set of isomorphism classes of tropical line bundles on X is an abelian group, naturally
isomorphic to H1(X ,AffX).
Definition 5.10. Let X be a rational polyhedral space, and let d : AffX → Ω1X be the
quotient map. Then the first Chern class is defined as the morphism
c1 := H1(d) : H1(X ,AffX)→ H1(X ,Ω1X) = H1,1(X) .
If L is a tropical line bundle on X , corresponding to α ∈ H1(X ,AffX), then the first
Chern class ofL is c1(L ) := c1(α).
Proposition 5.11. Let f : X → Y be a morphism of rational polyhedral spaces, and let
L be a tropical line bundle on Y . Then
c1( f ∗L ) = f ∗(c1(L )) .
Proof. This follows immediately from the commutativity of the diagram
H1(Y,AffY ) H1(Y,Ω1Y )
H1(X , f−1 AffY ) H1(X , f−1Ω1Y )
H1(X ,AffX) H1(X ,Ω1X) ,
f−1 f−1
H1( f ]) H1( f ])
where the horizontal morphisms are induced by the quotient morphisms Aff→Ω1. 
Also recall from §3.4 that there is a sheaf of tropical Cartier divisors DivX which fits
into a short exact sequence
(5.2) 0→ AffX →M X →DivX → 0 ,
the first connecting homomorphism of whose associated long exact cohomology se-
quence is the map
Div(X) = H0(X ,DivX)→ H1(X ,AffX), D 7→L (D) .
Composing this with the first Chern class defines a map
Div(X)→ H1,1(X), D 7→ c1(L (D))
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that assigns a (1,1)-cohomology class to every Cartier divisor. We will need to work
with a factorization of this map. A Cartier divisor D ∈ Div(X) is, by definition, a
global section of DivX whose support is, again by definition, equal to |D|. Therefore, it
defines a morphism Z|D|→DivX . Composing this with the morphism DivX → AffX [1]
defined by (5.2) and the projection morphism AffX [1]→ Ω1X [1] defines a morphism
Z|D|→Ω1X [1], and hence an element in H1,1|D| (X) (see Remark 4.2), the image of which
in H1,1(X) is c1(L (D)). We can thus view c1(L (D)) as an element in H
1,1
|D| (X).
We will now show that taking the cap product with the first Chern class c1(L (D))
corresponds to intersecting with D.
Proposition 5.12 (cf. [JRS18, Theorem 4.15]). Let X be a rational polyhedral space.
Then for every tropical Cartier divisor D∈Div(X) and for every tropical cycle A∈ Zi(X)
we have
cycX(D ·A) = c1(L (D))_ cycX(A)
in HBMi−1,i−1(X).
Proof. First we reduce to the case X = |A|. Let ι : |A| ↪→ X be the inclusion map. Then
by definition of the intersection pairing, and by Proposition 5.6, we have
cycX(D ·A) = cycX(ι∗(ι∗D ·A)) = ι∗ cyc|A|(ι∗D ·A) .
On the other hand, by the projection formula in homology (Proposition 4.18) we have
c1(L (D))_ cycX(A) =
= c1(L (D))_ ι∗ cyc|A|(A) = ι∗(ι
∗(c1(L (D))_ cyc|A|(A)) ,
which equals ι∗(c1(L (ι∗D)) _ cyc|A|(A)) by Propositions 3.15 and 5.11. It thus
suffices to show that
cyc|A|(ι
∗D ·A) = c1(L (ι∗D))_ cyc|A|(A)
in HBMi−1,i−1(|A|), which allows us to assume X = |A|. In this case, we will interpret
c1(L (D)) as an element of H
1,1
|D| (X) and show that the equality holds in H
BM
i−1,i−1(|D|,X).
Since |D| is at most (i−1)-dimensional, the presheaf
U 7→ HBMi−1,i−1(U ∩|D|,U)
on X is a sheaf by Lemma 4.8 (b). We can thus work locally around a point x ∈ X , where
we can use a local face structure Σ. After potentially shrinking and refining Σ, we can
assume that the divisor D is principal, say D = div(ϕ), and that ϕ|σ ∈ Γ(σ ,Affσ ) for
all σ ∈ Σ. As usual, we choose an orientation on each σ ∈ Σ in form of a generator
ησ ∈
∧dimσ
TZ(σ),
and these orientations define classes [σ ] ∈ Γ(X ,∆−dimσX ) supported on σ for all σ ∈ Σ.
The rational function ϕ defines a morphism Z|D|→DivX , and, by definition, the first
Chern class c1(L (D)) ∈H1,1|D| (X) is the composite of this morphism with the composite
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DivX → AffX [1]→ Ω1X [1], where the first morphism comes from the exact sequence
(5.2). These are morphisms in the derived category D(ZX) that are not represented by
morphisms between the complexes involved. To remedy this, we note that the exact
sequence (5.2) yields an isomorphism between DivX and the complex
. . .→ 0→ AffX →M X → 0→ . . . ,
whereM X sits in degree 0, and that the short exact sequence
0→ ZU → ZX → Z|D|→ 0 ,
where U = X \ |D|, yields an isomorphism between Z|D| and the complex
. . .→ 0→ ZU → ZX → 0→ . . . ,
where ZX sits in degree 0. The first Chern class c1(L (D)) is then represented by the
diagram
ZX M X 0 0
ZU AffX AffX Ω1X ,
·ϕ
·ϕ − id
where each column represents an element in D(ZX) and the minus sign in the middle
morphism in the lower row is there by convention. Tensoring with Ωi−1X [i− 1] from
the right and composing with the multiplication morphism Ωi−1X ⊗ZΩ1X → ΩiX , and
the morphism ΩiX [i]→ ∆•X representing cycX(A), we see that c1(L (D))_ cyc(A) is
represented by the morphism ((Ωi−1X )U →Ωi−1X ))→ ∆•X , where the former complex sits
in degrees −i and −(i−1), that is given by
(Ωi−1X )U → ∆−iX : ω 7→ − ∑
σ∈Σ(i)
〈d(ϕ|σ )∧ω|σ ,ησ 〉A(σ)[σ ] ,
in degree −i and 0 in every other degree. The morphism in degree −i extends to a
morphism Ωi−1X → ∆−iX , defining a chain homotopy between the morphism of cochain
complexes just defined, and the morphism that is given by
Ωi−1X → ∆−(i−1)X : ω 7→ ∂
(
∑
σ∈Σ(i)
〈d(ϕ|σ )∧ω,ησ 〉A(σ)[σ ]
)
in degree −(i−1) and is 0 in all other degrees. To simplify the expression on degree
−(i− 1) we pick for every finite codimension-1 face τ of a cone σ ∈ Σ(i) a lattice
normal vector nσ/τ , and we set εσ/τ equal to 1 if the chosen orientations on σ and τ are
compatible, and to −1 otherwise. Recall that this means that
εσ/τησ = ητ ∧nσ/τ .
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We now compute that
∂
(
∑
σ∈Σ(i)
〈d(ϕ|σ )∧ω,ησ 〉A(σ)[σ ]
)
=
= ∑
τ∈Σ(i−1)
∑
σ∈Στ (i)
〈d(ϕ|σ )∧ω,εσ/τητ ∧nσ/τ〉A(σ)εσ/τ [τ] =
∑
τ∈Σ(i−1)
∑
σ∈Στ (i)
〈ω ∧d(ϕ|σ ),nσ/τ ∧ητ〉A(σ)[τ] ,
where Στ(i) denotes the set of cells σ ∈ Σ(i) that have τ as a finite face. Note that we
only need to consider finite faces because if ω is defined at a point of an infinite face
of σ , then 〈d(ϕ|σ )∧ω,ησ 〉= 0. Let lτ be an affine linear function on a neighborhood
of |Σ| such that lτ |τ = ϕ|τ . Then we can rewrite the coefficient of [τ] in the expression
above as
∑
σ∈Στ (i)
(〈
ω ∧ (d(ϕ|σ )−dlτ),nσ/τ ∧ητ
〉
A(σ)+
〈
ω ∧dlτ ,nσ/τ ∧ητ
〉
A(σ)
)
=
= ∑
σ∈Στ (i)
〈
ω,ητ
〉 ·〈(d(ϕ|σ )−dlτ),nσ/τ〉A(σ)+
+
〈
ω ∧dlτ ,
(
∑
σ∈Στ (i)
A(σ)nσ/τ
)
∧ητ
〉
.
By the balancing condition and the fact that
∧i TZ(τ) = 0, the second summand of the
last expression vanishes and we see that the coefficient of [τ] is given by
〈ω,ητ〉
(
∑
σ∈Στ (i)
〈
(d(ϕ|σ )−dlτ),nσ/τ
〉
A(σ)
)
.
But this is precisely the coefficient of [τ] one gets in cycX(D ·A) (compare the coefficient
with the weights of D ·A described in §3.4), finishing the proof. 
Remark 5.13. If one uses a version of the projection formula that respects supports in
the proof of Proposition 5.12, one can show that the formula shown in the proposition
actually holds in HBMi−1,i−1(|D|∩ |A|,X).
5.6. Compatibility with the singular cycle class map. Let X be a locally polyhedral
space, equipped with a face structure Σ whose cells are compact, and let A ∈ Zk(X)
be a tropical k-cycle on X . There exists a face structure Σ′ on |A| such that every
cell of Σ′ is contained in a cell of Σ. For each σ ∈ Σ′(k) we choose an orientation
ησ ∈∧k TZ(σ), which give rise to chains [σ ] ∈ Γ(X ,∆−kX ) supported on σ via cellular
homology. The locally finite cycle class of A, as considered in [JRS18, Section 4] (also
see [MZ14, Section 4]) is defined as
cycl fX (A) = ∑
σ∈Σ′(k)
A(σ) · [σ ]⊗ησ ,
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where [σ ]⊗ησ is the locally finite tropical (k,k)-chain defined by [σ ] and ησ , and A(σ)
is the constant value that A has on σ . Since any two face structures have a common
refinement, this is independent of the choice of Σ′ and defines a morphism
cycl fX : Zk(X)→ H l fk,k,(X ;Σ) .
Theorem 5.14. Let X be a rational polyhedral space, equipped with a face structure Σ
with compact cells. Then the natural isomorphism (Theorem 4.19)
H l fk,k(X ;Σ)
∼=−→ HBMk,k (X) .
is compatible with the two tropical cycle class maps. In other words, the diagram
Zk(X)
H l fk,k(X ;Σ) H
BM
k,k (X)
cycl fX cycX
∼=
is commutative.
Proof. Let A ∈ Zk(X), and let Σ′ be a face structure on |A| whose cells are contained in
cells of Σ. Choose orientations ησ ∈∧k TZ(σ) for all σ ∈ Σ′, and let [σ ] ∈ Γ(X ,∆−kX )
be the chain supported on σ obtained from ησ via cellular homology. Using the face
structure Σ′, the morphism cycX(A) : ΩkX [k]→DX in D(ZX) can actually be represented
as a morphism of complexes ΩkX [k]→ ∆Σ,•X , namely as the morphism whose component
in degree −k is given by
ΩnX [k] 3 ω 7→ ∑
σ∈Σ′(k)
A(σ) · 〈ω,ησ 〉[σ ] ∈ ∆Σ,−kX .
This corresponds to the locally finite tropical (k,k)-chain
∑
σ∈Σ′(k)
A(σ) · [σ ]⊗ησ ∈Cl fk,k(X ;Σ)
under the isomorphism Hom(ΩkX ,∆
Σ,−k
X )
∼=Cl fk,k(X ;Σ) used in the proof of Theorem 4.19.
Noting that this tropical chain represents cycX(A) by definition finishes the proof. 
6. INTEGRAL POINCARÉ-VERDIER DUALITY
6.1. Tropical manifolds. Tropical manifolds are the smooth spaces in the world of
rational polyhedral spaces. Let us briefly recall their definition. To every loopless matroid
M on a finite base set E(M) we can associate a tropical linear space LM ⊆RE(I)/R1,
which is also called the Bergman fan of M. Here, 1 denotes the vector with all coordinates
equal to 1. We refer to [AK06] and [MS15, Chapter 4] for precise definitions and further
details.
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Definition 6.1. A rational polyhedral space X is called smooth, or a tropical manifold,
if every point x ∈ X has an open neighborhood that is isomorphic to an open subset of
LM×Rk for some loopless matroid M and some k ∈N.
6.2. Poincaré-Verdier duality. The goal of this section is to prove a formula for the
Verdier duals of the sheaf of tropical p-forms on a tropical manifold X . Recall that for
any complex C • ∈ D(ZX), its Verdier dual is defined as
D(C •) := RHom•(C •,DX) .
It is immediate from this definition thatD(ZX) =DX . What is much less obvious is that
for a constructible complexC • ∈D(ZX) there is a natural isomorphismD(D(C •)∼=C •,
justifying the terminology “dual”. We can now state the main theorem of this section:
Theorem 6.2. Let X be a purely n-dimensional tropical manifold. Then there is a
natural isomorphism
Ωn−pX [n]→D(ΩpX) .
Before starting to prove this theorem, let us show how Poincaré duality on a tropical
manifold follows directly from it.
Corollary 6.3 (Poincaré duality with integer coefficients). Let X be a tropical manifold
of pure dimension n, and let p and q be integers. Then there are natural isomorphisms
HBMp,q (X)∼= Hn−p,n−q(X) , and
Hp,q(X)∼= Hn−p,n−qc (X) .
Remark 6.4. The first isomorphism in Corollary 6.3 has also been proven in [JRS18]
using a Mayer-Vietoris argument, and with the extra assumption of the existence of a
global face structure.
Proof. By definition, we have
HBMp,q (X) =H
−qRHom•(ΩpX ,DX) =H−qD(ΩpX) , and
Hp,q(X) =H−qc RHom•(ΩpX ,DX) =H−qc D(ΩpX) .
Using Theorem 6.2, this leads to isomorphisms
HBMp,q (X)∼=H−q(Ωn−pX [n])∼=Hn−q(Ωn−pX ) = Hn−p,n−q(X) , and
Hp,q(X)∼=H−qc (Ωn−pX [n])∼=Hn−qc (Ωn−pX ) = Hn−p,n−qc (X) ,
which is what we wanted to show. 
Let us now turn to the proof of Theorem 6.2. We begin by explaining how to obtain
the natural morphism Ωn−pX [n]→D(ΩpX). We recall that there is a natural morphism
(6.1) Hom(ΩpX ,H nX )[n]→ RHom(ΩpX ,DX) =D(ΩpX)
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that we relied on heavily when we defined the tropical cycle class map. It exists because
H j(DX) = 0 for j < −n and is an isomorphism on cohomology in degree −n. By
Proposition 5.1 there also a natural morphism
ΩnX ⊗ZX Z Xn →H nX .
By [FR13, Lemma 2.4], the only tropical n-cycles on an n-dimensional tropical lin-
ear space are the ones having the same weight everywhere. Therefore, Z Xn ∼= ZX is
the constant sheaf and we obtain a natural morphism ΩnX →H nX . Together with the
multiplication on the sheaf of graded rings Ω∗X , this induces a morphism
Ωn−pX →Hom(ΩpX ,ΩnX)→Hom(ΩpX ,H nX ) .
Shifting by n an composing with the morphism displayed (6.1) yields a morphism
Ωn−pX [n]→D(ΩpX).
Definition 6.5. We say that a purely n-dimensional tropical manifold satisfies Poincaré-
Verdier duality if for all p ∈N the natural morphism
Ωn−pX [n]→D(ΩpX)
defined above is an isomorphism.
With this definition, Theorem 6.2 says that every tropical manifold satisfies Poincaré-
Verdier duality.
Lemma 6.6. Let X and Y be tropical manifolds of pure dimension that satisfy Poincaré-
Verdier duality. Then their product X×Y satisfies Poincaré-Verdier duality as well.
Proof. Let p ∈ Z. By Lemma 4.14, we have
ΩpX×Y ∼=
⊕
i+ j=p
ΩiX Ω
j
Y .
For each of the summands there is a natural morphism
D(ΩiX)LD(Ω
j
Y )→D(ΩiX Ω jY ) ,
which is an isomorphism by [Lyu01, Corollary 2.8]. Let m = dim(X) and n = dim(Y ).
Since X and Y both satisfy Poincaré-Verdier duality, we obtain a chain of isomorphisms
Ωn+m−pX×Y [m+n]∼=
⊕
i+ j=p
Ωm−iX [m]Ω
n− j
Y [n]
∼=−→
∼=−→
⊕
i+ j=p
D(ΩiX)LD(Ω
j
Y )
∼=−→
⊕
i+ j=p
D(ΩiX Ω
j
Y )
∼=D(ΩpX×Y ) .
It essentially follows from the fact that Ω∗X×Y ∼=Ω∗X Ω∗Y is an isomorphism of sheaves
of rings that the composite isomorphism
Ωn+m−pX×Y [m+n]→D(ΩpX×Y )
coincides with the natural morphism that we consider for Poincaré-Verdier duality. This
finishes the proof. 
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Lemma 6.7. For any n ∈N the tropical manifold Rn satisfies Poincaré-Verdier duality.
Proof. By Lemma 6.6, it suffices to show the statement for R. For every x ∈R we have
H 0
R,x
∼= H0(R,R\{x}) = 0 ,
so DR is concentrated in degree −1 and isomorphic toH 1R[1]. Furthermore, the natural
morphism Ω1
R
→H 1
R
is an isomorphism: at ∞ the stalks of both sheaves are 0, and at a
point in R this follows from the identification of the two different notions of orientations
discussed at the beginning of §5. This shows that the natural morphism
Ω1
R
[1]→DR =D(ZR) =D(Ω0R)
is an isomorphism.
It is left to show that the natural morphism
Ω0
R
[1]→D(Ω1
R
)
is an isomorphism as well. For this we need to show that
(1) the morphism Ω0
R
→Hom(Ω1
R
,Ω1
R
) induced by the multiplication maps is an
isomorphism, and
(2) D(Ω1
R
) is concentrated in degree −1.
For both items we use that the identity function idR ∈ Γ(R,AffR) induces an isomor-
phism ZR
∼=−→Ω1
R
. So if ι : R→R denotes the inclusion, we have
Hom(Ω1
R
,Ω1
R
)∼=Hom(ZR,ZR)∼= ι∗Hom(ZR,ZR)∼=
∼= ι∗ZR ∼= ZR =Ω0R ,
showing item (1). To prove item (2), we note that
D(ZR)∼= Rι∗D(ZR)
by Verdier duality. The Verdier dual of ZR on R is the dualizing complex of R, which
is isomorphic to ZR[1]. Therefore,
D(Ω1
R
)∼=D(ZR)∼= Rι∗Z[1]∼= ZR[1] ,
which is concentrated in degree −1. 
Theorem 6.8. Let M be loopless matroid of rank n+ 1 with ground set E(M), and
let i ∈ E(M) such that i is not a coloop of M and M/i is loopless. Assume that both
LM\i and LM/i satisfy Poincaré-Verdier duality. Then LM also satisfies Poincaré-Verdier
duality.
Proof. We denote X ′ = LM, X = LM\i, and D = LM/i. There is a natural morphism
δ : X ′→ X that exhibits X ′ as the so-called tropical modification of X at the divisor D
[Sha13, Proposition 2.25]. By definition of tropical modifications, there exists a closed
subset E ⊆ X ′, such that the interior E˚ is isomorphic to an open subset of D×R, such
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that the underlying topological space of E is homeomorphic to D×R≤0, and such that
the underlying space of X ′ is homeomorphic to the quotient(
X unionsqD×R≤0
)/∼ ,
where where ∼ is the relation identifying x with (x,0) for all x ∈ D. With this identi-
fication the morphism δ is the identity on X and the projection to the first coordinate
on D×R≤0. In particular, the identity on X defines a section s : X → X ′ of δ . Note
that unlike δ , the closed immersion s is not a morphism of rational polyhedral spaces.
Let j : E˚→ X ′ be the open immersion onto the complement of s(X). Then we obtain a
distinguished triangle
(6.2) D(s∗s−1ΩpX ′)→D(ΩpX ′)→D( j!ΩpE˚)→D(s∗s
−1ΩpX ′)[1]
We can explicitly compute both D(s∗s−1ΩpX ′) and D( j!Ω
p
E˚
).
Let us first consider the easier case of D( j!Ω
p
E˚
). By Verdier duality, we have
D( j!Ω
p
E˚
) = R j∗D(ΩpE˚) .
Because E˚ is an open subset of LM/i×Rk and LM/i satisfies Poincaré-Verdier duality by
assumption, E˚ satisfies Poincaré-Verdier duality by Lemma 6.6. It follows that there is a
natural isomorphism
R j∗Ωn−pE˚ [n]
∼=−→D( j!ΩpE˚) .
Since every x ∈ s(X) has a neighborhood basis consisting of open subsets U such that
U ∩ E˚ equals the interior of the support of a local face structure at some y ∈ E˚ close to x,
it follow from [KS94, Proposition 8.1.4 (ii)] that Rs∗Ω
n−p
E˚
= 0 for all s > 0. Therefore,
R j∗Ωn−pE˚
∼= j∗Ωn−pE˚ and we obtain an isomorphism
j∗Ωn−pE˚ [n]
∼=−→D( j!ΩpE˚) .
Let us now compute D(s∗s−1ΩpX ′). To do so, we need to compare the integral
structures of X and X ′. The morphism δ induces a pullback morphism ΩpX
δ ]−→ s−1ΩpX ′ ,
which is injective and an isomorphism away from the divisor D. To determine its
cokernel, we may restrict our attention to D. The restriction to p-forms to E˚ defines a
morphism
s−1ΩpX ′ → s−1 j∗ΩpE˚ .
It follows from Lemma 4.14,from [KS94, Proposition 8.1.4(i)], and from the fact that E˚
is isomorphic to an open subset of D×R that there is an isomorphism
s−1 j∗ΩpE˚
∼= ι∗
(
ΩpD⊕Ωp−1D
)
,
where ι : D→ X denotes the inclusion. We thus obtain a composite morphism
(6.3) s−1ΩpX ′ → ι∗
(
ΩpD⊕Ωp−1D
)
→ ι∗Ωp−1D ,
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where the second morphism is the projection and Ωp−1D = 0 if p = 0 by convention. We
denote this composite morphism by
ρ : s−1ΩpX ′ → ι∗Ωp−1D .
If a is a p-form on an open subset of X , the image of δ ]a in ι∗
(
ΩpD⊕Ωp−1D
)
is given
by (ι](a),0) and thus ρ ◦δ ](a) = 0. In fact, the sequence
(6.4) 0→ΩpX
δ ]−→ s−1ΩpX ′
ρ−→ ι∗Ωp−1D → 0
is exact by [Sha11, Lemma 2.2.7]. This gives rise to the distinguished triangle
D(ι∗Ωp−1D ) D(s
−1ΩpX ′) D(Ω
p
X) D(ι∗Ω
p−1
D )[1] .
By assumption, there is a natural isomorphism Ωn−pX [n]→D(ΩpX). Furthermore, by
Verdier duality we have D(ι∗Ωp−1D ) = ι∗D(Ω
p−1
D ), so again by assumption there is a
natural isomorphism ι∗Ωn−pD [n−1]→D(ι∗Ωp−1D ). If we defineK as the kernel of the
restriction ι] : Ωn−pX → ι∗Ωn−pD , then there is an exact sequence
0→K →Ωn−pX
ι]−→ ι∗Ωn−pD → 0 .
We thus obtain a diagram of solid arrow
ι∗Ωn−pD [n−1] K [n] Ωn−pX [n] ι∗Ωn−pD [n]
D(ι∗Ωp−1D ) D(s
−1ΩpX ′) D(Ω
p
X) D(ι∗Ω
p−1
D )[1] ,
ι]
∼= ∼= ∼=
in which both rows are distinguished triangles. If we show that the right square in this
diagram commutes, then it follows formally from the axioms of triangulated categories
that the dashed arrow exists, and that it is an isomorphism. Assume that this is true for
the moment. Then by Verdier duality, we obtain an isomorphism
s∗K [n]
∼=−→ s∗D(s−1ΩpX ′)∼=D(s∗s−1ΩpX ′) .
We have then computed two of the three vertices of the distinguished triangle displayed
in (6.2), giving rise to the commutative diagram of solid arrows
s∗K [n] Ωn−pX ′ [n] j∗Ω
n−p
E˚
[n]
s∗D(s−1ΩpX ′) D(Ω
p
X ′) R j∗D(Ω
p
E˚
) s∗D(s−1ΩpX ′)[1] .
j]
∼= ∼=
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This already shows that the cohomology of D(ΩpX ′) is concentrated in degree −n. What
remains to finish the proof is to show that Ωn−pX ′ → H−nD(ΩpX ′) is an isomorphism.
The pullback morphism δ ] : δ−1Ωn−pX →Ωn−pX ′ maps (n− p)-forms on X that vanish
on D to (n− p)-forms on X ′ that vanish on E˚. Therefore, it induces a morphism
s∗K → Ωn−pX ′ which, after shifting it by n, fills in the dashed arrow in the preceding
diagram. It follows directly from the description of the isomorphismK →D(s−1ΩpX)
that the resulting square in the diagram is commutative. If we combine the definition
ofK with the exact sequence (6.4), with n− p substituted for p, and the definition of
the map s−1Ωn−pX → ι∗Ωn−p−1D (see (6.3)), we see thatK is the kernel of j]. So taking
homology of the diagram above in degree −n yields a commutative diagram
0 s∗K Ωn−pX ′ j∗Ω
n−p
E˚
0
0 H−ns∗D(s−1ΩpX ′) H
−nD(ΩpX ′) R
−n j∗D(ΩpE˚) 0
∼= ∼=
with exact rows. Applying the five lemma shows that X ′ = LM satisfies Poincaré-Verdier
duality.
To finish the proof we need to show that the square
Ωn−pX [n] ι∗Ω
n−p
D [n]
D(ΩpX) D(ι∗Ω
p−1
D )[1] ,
ι]
∼= ∼=
is commutative. Since all four complexes in this square have cohomology concentrated
in degree −n, we may check this after taking cohomology in degree −n. Because this is
a local question, we may work locally at a point x ∈ D and pick a local face structure Σ
at x such that D∩|Σ| is a union of cones. If we denote
∆= {σ ∈ Σ | σ ⊆ D} ,
then ∆ is a local face structure at x in D. After appropriately choosing a polyhedron τ ′
in E for every τ ∈ ∆, the set of polyhedra
Σ′ = {s(σ) | σ ∈ Σ}∪{τ ′ | τ ∈ ∆}
is a local face structure at s(x) in X ′. We also choose an orientation ησ ∈∧dim(σ)TZ(σ)
for every σ ∈ Σ′, which we use to define a chain [σ ] on X ′ via cellular homology. For
every σ ∈ Σ, there is an induced orientation ησ = dδ (ηs(σ)), we use to define a chain
[σ ] on X via cellular homology.
Now let ω be a section of Ωn−pX defined in a neighborhood of x. We first compute the
image of ω when going through the square counterclockwise. The image of ω under
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the left vertical map is represented by the section ofHom(ΩpX ,∆−nX ) given by
ϕ 7→ ∑
σ∈Σ(n)
〈ϕ ∧ω,ησ 〉[σ ] .
To compute the image of this under the connecting homomorphism that constitutes the
lower horizontal arrow of the square, we lift it to the section of Hom(s−1ΩpX ′,∆−nX )
given by the formula
ϕ 7→ ∑
σ∈Σ(n)
〈ϕ ∧δ ]ω,ηs(σ)〉[σ ] .
Now we need to apply the differential ∂ of ∆•X to this. We observe that because the
fundamental cycle of X ′ satisfies the balancing condition, we have
∂
(
∑
σ∈Σ′(n)
〈ϕ ′∧δ ]ω,ησ 〉[σ ]
)
= 0
for every section ϕ ′ of ΩpX ′ . It follows that if s∗ denotes the push-forward of chains
along s, we have
(6.5) s∗
(
∂
(
∑
σ∈Σ(n)
〈ϕ ∧δ ]ω,ηs(σ)〉[σ ]
))
=−∂
(
∑
τ∈∆(n−1)
〈ϕ ∧δ ]ω,ητ ′〉[τ ′]
)
for all sections ϕ of s−1ΩpX ′ .
If ϕ = δ ]ψ , then this is zero since the pull-back of every n-form on X vanishes on E˚.
Because s∗ is injective on chains, it follows that the morphism
(6.6) ϕ 7→ ∂
(
∑
σ∈Σ(n)
〈ϕ ∧δ ]ω,ηs(σ)〉[σ ]
)
induces a section ofHom(ι∗Ωp−1D ,∆−nX ).
Let ϕ be a section of ι∗Ωp−1D . To compute the effect of the morphism ι∗Ω
p−1→ ∆−nX
defined by ω on ϕ , we first have to lift ϕ to s−1ΩpX ′ . One possible choice is ωR∧δ ]ϕ ′,
where where ϕ ′ is any lift of ϕ to ΩpX , and ωR ∈ Γ(X ′,Ω1X ′) is chosen such that it
coincides with the pull-back of the identity on R in an identification of E˚ with an open
subset of D×R. If we then apply the morphism (6.6) to ωR∧δ ]ϕ ′, apply s∗, and use
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Equation (6.5), we obtain
−∂
(
∑
τ∈∆(n−1)
〈ωR∧δ ](ϕ ′∧ω),ητ ′〉[τ ′]
)
=
=−s∗
(
∑
τ∈∆(n−1)
〈ωR∧δ ](ϕ ′∧ω),ητ ∧nτ ′/s(τ)〉[τ]
)
=
= s∗
(
∑
τ∈∆(n−1)
〈ϕ ∧ ι]ω,ηs(τ)〉[τ]
)
,
where nτ ′/s(τ) denotes a lattice normal vector (see Remark 3.3), and the last equal-
ity holds because 〈ωR,ητ ′/s(τ)〉 = −1. Thus, the image of ω in H−n+1D(ι∗Ωp−1D )
when moving through the square counterclockwise is represented by the section of
Hom(ι∗Ωp−1D ,∆−n+1X ) given by
ϕ 7→ ∑
τ∈∆(n−1)
〈ϕ ∧ ι]ω,ητ〉[τ] .
The image of ω when moving through the square clockwise is represented by the same
section ofHom(ι∗Ωp−1D ,∆−n+1X ), finishing the proof. 
Proof of Theorem 6.2. Since the assertion is local we may assume that X = LM×Rk
for a loopless matroid M and some k ∈ N. By Lemmas 6.6 and 6.7 we can further
reduce to the case where k = 0 and X = LM for a loopless matroid M. We prove that
any such tropical linear space satisfies Poincaré-Verdier duality by induction on the
cardinality #E(M) of the ground set E(M) of the matroid. In the base case #E(M) = 1,
the tropical linear space LM is a point and the assertion is trivial. We may thus assume
#E(M) > 1. First assume that E(M) is independent, in which case M is uniform of
maximal rank. Then the tropical linear space LM is isomorphic to R#E(M)−1 and thus
satisfies Poincaré-Verdier duality by Lemma 6.7. We may thus assume that there exists
i ∈ E(M) which is not a coloop. In this case, the deletion M \ i is a loopless matroid on
the ground set E(M \ i) = E(M)\{i}. If i is a loop M/i, then LM is isomorphic LM\i by
[Sha13, Proposition 2.25] and we are done by induction. If M/i is loopless we can use
Theorem 6.8 and are also done by induction. 
Corollary 6.9. Let X be a purely n-dimensional tropical manifold. Then there is a
natural isomorphism DX ∼=ΩnX [n].
Proof. The dualizing complexDX is canonically isomorphic toD(ZX). SinceZX =Ω0X ,
we obtain
DX ∼=D(ZX) =D(Ω0X)∼=ΩnX [n]
by applying Theorem 6.2. 
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APPENDIX A. COMPLEXES OF SINGULAR CHAINS ON CS SETS
Definition A.1. Let X be a topological space. A stratification of X is a collection S
of disjoint locally closed subsets of X such that X =
⋃
S∈S S, each S ∈S is a pure-
dimensional topological manifold, and such that for every S ∈S the closure S is a union
of strata of dimension less than dim(S).
Next we recall the definition of conically stratified spaces. If L is a stratified space, we
will use the notation c˚(L) for the open cone over L, that for the space (R×L)/({∞}×L).
The open cone c˚(L) has an induced stratification, with the cone point being the unique
0-dimensional stratum, and all other strata being of the form R×S, where S is a stratum
of L.
Definition A.2. Let X be a topological space, equipped with a stratificationS . We say
that X is conically stratified, or a CS set for short, if for all S ∈S and x ∈S there exist
a neighborhood U of x in S, a neighborhood V of x in X , and a compact stratified space
L such that V is homeomorphic to U× c˚(L) in a way respecting the stratification.
Definition A.3. We say that a stratificationS of a topological space X is admissible, if
the stratified space (X ,S ) is conically stratified and for every stratum S ∈S the pair
(S,S) is homeomorphic to a pair (U, D˚n), where D˚n is the open unit disc in Rn and U is
an open subset of the closed unit disc Dn that contains D˚n.
Example A.4. If X is a rational polyhedral space with a face structure Σ, then the
relative interiors of the polyhedra in Σ stratify X , and this stratification is admissible.
Let X be a topological space equipped with a stratification S . Exactly as for face
structures (see §4.7), we say that a singular simplex σ : ∆q → X (where ∆q denotes
the standard q-simplex) respects the stratification S if the relative interior of any
face of ∆q is mapped into a stratum of S . For every open set U ⊆ X and i ∈ Z we
denote by Ci(U ;S ) the free abelian group on all singular i-simplices in U respecting
the stratification S . Since faces of simplices respecting the stratification respect the
stratification again, we obtain a chain complex C•(U,S ), and a quotient
(A.1) C•(X ,U ;S ) =C•(X ;S )/C•(U ;S )
of relative chains that respect the stratification. We denote the i-th homology of these
complexes by
Hi(U ;S ) = Hi(C•(U ;S )) , and
Hi(X ,U ;S ) = Hi(C•(X ,U ;S )) .
For every k we denote by ∆S ,−kX the sheafification of the presheaf U 7→Ck(X ,X \U ;S ).
The differentials on the complexes of relative chains that respect the stratification induce
a differential that makes ∆S ,•X a cochain complex. By definition, ∆
S ,•
X is a subcomplex
of ∆•X .
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Proposition A.5. Let X be a conically stratified space with stratificationS . Then the
inclusion map
∆S ,•X → ∆•X
is a quasi-isomorphism.
Proof. For the purpose of this proof we will denote
Hstrat∗ (X) = H∗(X ;S )
for a conically stratified space X with stratificationS .
We need to show that H−i(∆S ,•X )→ H−i(∆•X) is an isomorphism of sheaves for
all i ∈ Z. At a point x ∈ X , the stalks of these sheaves are Hi(X ,X \ {x};S ) and
Hi(X ,X \{x}), respectively, so using the long exact sequence for relative homology and
the five lemma, it suffices to show that the natural morphisms
Hstrat∗ (U)→ H∗(U)
are isomorphisms for all open subsets U ⊆ X . This follows from [Fri18, Theorem 5.1.4]
once we show that the four hypothesis of the theorem are satisfied.
(1) Since the barycentric subdivision restricts to an equivalence of complexes
C•(X ;S )→C•(X ;S ), there are compatible Mayer-Vietoris sequences for Hstrat∗
and H∗.
(2) If {Uα} is an increasing collection of open subsets of a CS set X such that
Hstrat∗ (Uα)→ H∗(Uα)
is an isomorphism for each α , then
Hstrat∗
(⋃
α
Uα
)
→ H∗
(⋃
α
Uα
)
is also an isomorphism because
Hstrat∗
(⋃
α
Uα
)
∼= lim−→
α
Hstrat∗ (Uα) and
H∗
(⋃
α
Uα
)
∼= lim−→
α
H∗(Uα) .
(3) The statement is true if X is a point. It is also true if X is homeomorphic to
Rn× c˚(L) in a way respecting the stratification for some n ∈N and some CS set
L, because in this case X can be contracted to a point in a way that respects the
stratification, reducing to the case where X is a point.
(4) If X only has a single stratum, then Cstrat• (X) =C•(X) and therefore the statement
is true for X .

50 ANDREAS GROSS AND FARBOD SHOKRIEH
Proposition A.6. Let X be a conically stratified space with stratification S , and let
U ⊆ X be an open subset. Then the inclusion
∆U∩S ,•U → ∆S ,•X |U ,
where U ∩S is the induced stratification on U, is an equivalence of complexes
Proof. For every open subset V ⊆U with V ⊆U the inclusion
C•(U,U \V ;S )→C•(X ,X \V ;S )
is an equivalence by the excision theorem. To show that this stays an equivalence
when sheafifying, we need to make sure that the homotopy inverses are compatible
with restrictions. Let S : C•(X ;S )→C•(X ;S ) be the barycentric subdivision and let
T : id⇒ S be a (functorial) chain homotopy between the identity and S. We use T to
define a new chain homotopy TU whose action on singular n-simplices is given by
TUσ =
{
0, if σ(∆n)⊆U,
Tσ , else.
By the functoriality of T , this induces morphisms
Ck(X ,X \V ;S )→Ck+1(X ,X \V ;S )
for all k ∈N and open subsets V ⊆ X , which are compatible with restrictions. Therefore,
they induce morphism ∆S ,kX → ∆S ,k−1X of sheaves for all k ∈ Z, whose restrictions to
U we denote by ψk : ∆S ,kX |U → ∆S ,k−1X |U . Let f = id−(dψ+ψd). We claim that the
sequence ( f i)i of powers of f converges to a morphism f∞ in the sense that for every
section s ∈ Γ(V,∆S ,kX ), where V ⊆U is open, there exists a covering V =
⋃
λ Vλ such
that the sequence f i(s)|Vλ converges to f∞(s)|Vλ in the discrete topology on Γ(Vλ ,∆S ,kX )
(that is the sequence is eventually constant). As the open subsets V ⊂U with V ⊆U
form a basis for the topology of U , it suffices to show that the sequence ( f i(s))i is
eventually constant for every s ∈C−k(X ,X \V ;S ) for such an open subset V of U . By
linearity, we may even assume that s is represented by a single singular (−k)-simplex σ .
We have
f (σ) = σ − (∂ψ+ψ∂ )σ = σ − (∂T +T∂ )σ +(∂ (T −TU)+(T −TU)∂ )σ =
= S(σ)+(∂ (T −TU)+(T −TU)∂ )σ .
Note that for any singular j-simplex δ we have
(T −TU)(δ ) =
{
Tδ , if δ (∆ j)⊆U
0, else.
In particular, (T −TU)c is a linear combination of simplices contained in U for every
chain c. Therefore, f (σ)− Sσ is represented by a linear combination of singular
simplices that are contained in U . As f is the identity on simplices that are contained
in U , we see inductively that f i(σ)− Siσ is represented by a linear combination of
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simplices that are contained in U for all i ∈N. Since we assumed that V ⊂U , the space
X is the union of U and X \V . Thus, for i large enough the chain Siσ will be represented
by a linear combination of simplices that are either contained in U or in X \V . The
latter are 0 in C−k(X ,X \V ;S ), so f i(σ) is represented by a linear combination of
simplices that are contained in U . It follows immediately that the sequence ( f i(σ))i
is eventually constant, and we conclude that f∞ is well-defined. It also follows that
f∞(σ) is contained in C−k(U,U \V ;S ). This shows that f∞ maps into the subcomplex
∆U∩S ,•U of ∆
S ,•
X |U .
It is clear from the definitions that f∞ respects the differentials, so we have constructed
a morphism ∆S ,•X |U → ∆U∩S ,•U . If ι : ∆U∩S ,•U → ∆S ,•X |U denotes the inclusion, then
f∞ ◦ ι = id by construction. The construction of f∞ also provides a chain homotopy
id⇒ ι ◦ f∞, namely the limit
∞
∑
i=0
ψ f i .
This converges in the same sense as before, because once f i(s) in ∆U∩S ,•U we have
ψ( f i(s)) = 0 by definition. We conclude that ι is an equivalence of complexes. 
Proposition A.7. Let X be a conically stratified space with stratification S , and let
A⊂ X be a locally closed subset of X that is a union of strata. Then the morphism
Hom•(ZA,∆S ,•X )→ RHom•(ZA,DX)
that is induced by the inclusion ∆S ,•X → ∆•X and the natural identification ∆•X ∼=DX , is
an isomorphism in D(Z).
In particular, the natural morphism
Hom•(ZA,∆S ,•X )→ RHom•(ZA,DX)
is an isomorphism in D(ZX).
Proof. By Proposition A.5, we need to show that if ∆S ,•X →I • is an injective resolution,
then the induced morphism
Hom•(ZA,∆S ,•X )→ Hom•(ZA,I •)
is a quasi-isomorphism. Let U ⊆ X be an open subset such that A is closed in U . Then
the morphism above is a quasi-isomorphism if and only if the morphism
Hom•(ZA,∆S ,•X |U)→ Hom•(ZA,I •|U)
is a quasi-isomorphism. Since the natural morphism ∆U∩S ,•U → ∆S ,•X |U is a chain
equivalence by A.6, the induced morphism
Hom•(ZA,∆U∩S ,•U )→ Hom•(ZA,∆S ,•X |U)
is a quasi-isomorphism as well, so it suffices to show that the morphism
Hom•(ZA,∆U∩S ,•U )→ Hom•(ZA,I •|U)
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that is induced by the composite ∆U∩S ,•U → ∆S ,•X |U →I •|U is a quasi-isomorphism.
As this composite is an injective resolution of ∆U∩S ,•U we may replace X by U and
assume that A is closed in X .
Let i : A→ X be the inclusion. Since i! is right-adjoint to i∗, it suffices to show that
the morphism
ΓA(X ,∆S ,•X ) = Hom
•
(
ZA, i!
(
∆S ,•X
))
→ Hom• (ZA, i!I •)= Γ(A, i!I •)
is a quasi-isomorphism. The natural morphism ∆A∩S ,•A → i!(∆S ,•X ) defined by push-
forwards of chains along i defines an isomorphism
Γ(A,∆A∩S ,•A )∼= ΓA(X ,∆S ,•X )
on global sections because both sides are the chain complexes of locally finite chains in
A that respect the stratification. It thus suffices to show that the morphism
(A.2) Γ(A,∆A∩S ,•A )→ Γ(A, i!I •)
induced by the composite ∆A∩S ,•A → i!∆S ,•X → i!I • is a quasi-isomorphism. By con-
struction, there is a commutative diagram
∆A∩S ,•A i
!I •
DA i!DX
∼= ∼=
in D(ZA) whose vertical arrows are isomorphism. Since we defined the upper horizontal
morphism via the push-forward of singular cycles, which is, of course, compatible
with the trace morphisms, the lower horizontal morphism is the natural isomorphism
DA ∼= i!DX . We conclude that the upper horizontal morphism is an isomorphism in
D(ZA) as well. Because i! is the right-adjoint of the exact functor i∗, the upper horizontal
morphism in the diagram is in fact an injective resolution. That the morphism displayed
in (A.2) is a quasi-isomorphism now follows from the fact that ∆A∩S ,•A is homotopically
fine and from [Bre97, IV Theorem 2.2], finishing the proof of the main statement.
For the “in particular” statement we note that
Hom•(ZU∩A,∆U∩S ,•U )→ RHom•(ZU∩A,DU)
is a quasi-isomorphism for every open subset U ⊆ X by the main statement. Together
with Proposition A.6 we see that
Hom•(ZA|U ,∆S ,•X |U)→ RHom•(ZA|U ,DX |U)
is a quasi-isomorphism for all open subsets U of X , which directly implies the claim. 
Lemma A.8. Let Y be a subset of the closed unit disc Dn ⊆Rn such that its intersection
Z = Y ∩ D˚n with the open unit disc D˚n is nonempty and connected. Furthermore, letF
A SHEAF-THEORETIC APPROACH TO TROPICAL HOMOLOGY 53
be sheaf of abelian groups on Dn such that the restrictionF |D˚n is constant. Then the
restriction maps
Hom(F |D˚n,ZD˚n)→ Hom(F |Z,ZZ) , and
Hom(F |Y ,ZY )→ Hom(F |Z,ZZ)
are isomorphisms.
Proof. The fact that
Hom(F |D˚n,ZD˚n)→ Hom(F |Z,ZZ)
is an isomorphism follows immediately from the fact that F |D˚n is constant and Z is
connected. For the second map we consider the short exact sequence
0→FZ →FY →FY\Z → 0
of sheaves on Y . Applying Hom(−,ZY ) we obtain an exact sequence
0→ Hom(FY\Z,ZY )→ Hom(FY ,ZY )→ Hom(FZ,ZY )→ Ext1(FY\Z,ZY ) .
As ZY does not have any sections supported on a proper closed subset of Y , we have
Hom(FY\Z,ZY ) = 0 .
Furthermore, there is a natural isomorphism
Hom(FZ,ZY )∼= Hom(F |Z,ZZ) .
We conclude that the restriction
Hom(F |Y ,ZY )→ Hom(F |Z,ZZ)
is injective. To show that it is surjective as well we consider the commutative square
Hom(F ,ZDn) Hom(F |D˚n,ZD˚n)
Hom(F |Y ,ZY ) Hom(F |Z,ZZ) .
∼=
From the discussion above we know that the vertical arrow on the right is an isomorphism,
and that the horizontal arrows are injective (set Y = Dn in the discussion above for the
top arrow). So to finish the proof, it suffices to show that the top horizontal arrow is
surjective. In other words, it suffices to prove the result for Y = Dn, that is to show the
surjectivity of
Hom(F ,ZDn)→ Hom(F |D˚n ,ZD˚n) .
In the exact sequence from above we can see that this map is surjective if and only if
Ext1(FSn−1,ZDn) = 0, where S
n−1 = Dn \ D˚n. Let i : Sn−1→ Dn be the inclusion. By
Verdier duality for i we see that
Ext1(FSn−1,ZDn) = Ext
1(F |Sn−1, i!ZDn) .
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For k ∈N, the k-th cohomology sheaf Hk(i!ZDn) is the restriction to Sn−1 of the sheaf
associated to the presheaf
U → Hk(U,U ∩ D˚n)
on Dn (cf. [Har67, pp. 14-15] for a closely related example). As the pair (Dn, D˚n) is
locally homeomorphic to the pair given by an open half-space in Rn and its closure,
these sheaves are all zero and hence i!ZDn = 0, finishing the proof. 
Proposition A.9. Let X be a conically stratified space with an admissible stratification
S , and letF be a sheaf of abelian groups on X such thatF |S is locally free of finite
rank for every stratum S ∈S . Then the natural morphism
Hom•(F ,∆SX )→ RHom•(F ,DX)
is an isomorphism in D(ZX). In particular, the natural morphism
Hom•(F ,∆SX )→ RHom•(F ,DX)
is an isomorphism in D(Z).
Proof. The statement is local on X , so we may assume that the stratificationS is finite.
We do induction on the number of strata on whichF is nontrivial. If this number is 0,
thenF = 0 and the statement is trivial. So let us assume there is a stratum on whichF
is nontrivial, and let S ∈S be maximal with that property. The stratum S is an open
subset of the support supp(F ), so if A = supp(F )\S we obtain an exact sequence
0→FS→F →FA→ 0 .
We can use this to obtain a commutative diagram
Hom•(FA,∆SX ) Hom•(F ,∆SX ) Hom•(FS,∆SX )
RHom•(FA,∆SX ) RHom•(F ,∆SX ) RHom•(FS,∆SX )
where the lower row is an exact triangle. Note that the vertical arrow on the left is
an isomorphism by the induction hypothesis. SinceFS is locally free and S is simply
connected, the sheaf FS is isomorphic to a finite sum of several copies of ZS. So by
Proposition A.7, the right arrow is an isomorphism as well. If we can show that the
morphisms of complexes in the upper row of the diagram defines a short exact sequence
in every degree, the statement follows from the five lemma. We recall from the proof of
Theorem 4.19 that for every i ∈ Z there is an isomorphism
∆S ,−iX ∼=
⊕
σ
Zσ(∆i) ,
where the direct sum is over all singular i-simplices σ : ∆i→ X respecting the stratifica-
tion. Consequentially, for every sheaf of Abelian groups G that is locally free of finite
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rank when restricted to any stratum inS , we have
Hom(G ,∆S ,−iX ) =Hom
(
G ,
⊕
σ
Zσ(∆i)
)
=
⊕
σ
Hom(G ,Zσ(∆i)) ,
where the last equality holds because G is constructible. If for a simplex σ appearing in
the direct sum we denote by Tσ ∈S the unique stratum into which the relative interior
of ∆i maps, there is an isomorphism
Hom(G ,Zσ(∆i))∼= (Hom(G |Tσ ,ZTσ ))σ(∆i)
induced by restricting sections by Lemma A.8. So to finish the proof it suffices to show
that for every stratum T ∈S the sequence
0→ Hom((FA)|T ,ZT )→ Hom(F |T ,ZT )→ Hom((FS)|T ,ZT )→ 0
is exact. If T = S, this is the case because the second morphism is an isomorphism and
the first group is trivial, whereas if T 6= S this is the case because the first morphism is
an isomorphism and the last group is trivial.
For the “in particular” statement we apply RΓ to the isomorphism
Hom•(F ,∆S ,•X )→ RHom•(F ,DX)
and note that the natural morphism
Hom•(F ,∆S ,•X ) = Γ(Hom•(F ,∆S ,•X ))→ RΓHom•(F ,∆S ,•X )
is an isomorphism because ∆S ,•X , and hence Hom•(F ,∆S ,•X ), is homotopically fine
[Bre97, IV Theorem 2.2]. 
REFERENCES
[AK06] Federico Ardila and Caroline J. Klivans, The Bergman complex of a matroid and phylogenetic
trees, J. Combin. Theory Ser. B 96 (2006), no. 1, 38–49. MR2185977 ↑39
[AR10] Lars Allermann and Johannes Rau, First steps in tropical intersection theory, Math. Z. 264
(2010), no. 3, 633–670. MR2591823 ↑3, 9, 10, 12
[Be08] A. Borel et al., Intersection cohomology, Modern Birkhäuser Classics, Birkhäuser Boston,
Inc., Boston, MA, 2008. Notes on the seminar held at the University of Bern, Bern, 1983,
Reprint of the 1984 edition. MR2401086 ↑15, 20
[BIMS15] Erwan Brugallé, Ilia Itenberg, Grigory Mikhalkin, and Kristin Shaw, Brief introduction to
tropical geometry, Proceedings of the Gökova Geometry-Topology Conference 2014, 2015,
pp. 1–75. MR3381439 ↑2, 3
[BM60] A. Borel and J. C. Moore, Homology theory for locally compact spaces, Michigan Math. J. 7
(1960), 137–159. MR0131271 ↑17
[Bre97] Glen E. Bredon, Sheaf theory, Second, Graduate Texts in Mathematics, vol. 170, Springer-
Verlag, New York, 1997. MR1481706 ↑15, 19, 52, 55
[Eis95] David Eisenbud, Commutative algebra, Graduate Texts in Mathematics, vol. 150, Springer-
Verlag, New York, 1995. With a view toward algebraic geometry. MR1322960 ↑22
[FR13] Georges François and Johannes Rau, The diagonal of tropical matroid varieties and cycle
intersections, Collect. Math. 64 (2013), no. 2, 185–210. MR3041763 ↑41
[Fri18] Greg Friedman, Singular intersection homology, 2018. Available at
http://faculty.tcu.edu/gfriedman/IHbook.pdf. ↑49
56 ANDREAS GROSS AND FARBOD SHOKRIEH
[GKM09] Andreas Gathmann, Michael Kerber, and Hannah Markwig, Tropical fans and the moduli
spaces of tropical curves, Compos. Math. 145 (2009), no. 1, 173–195. MR2480499 ↑11
[Har67] Robin Hartshorne, Local cohomology, A seminar given by A. Grothendieck, Harvard Univer-
sity, Fall, vol. 1961, Springer-Verlag, Berlin-New York, 1967. MR0224620 ↑54
[IKMZ19] Ilia Itenberg, Ludmil Katzarkov, Grigory Mikhalkin, and Ilia Zharkov, Tropical Homology,
Math. Ann. 374 (2019), no. 1-2, 963–1006. MR3961331 ↑1, 3, 27
[Ive86] Birger Iversen, Cohomology of sheaves, Universitext, Springer-Verlag, Berlin, 1986.
MR842190 ↑15, 20, 21, 23, 25, 26
[JRS18] Philipp Jell, Johannes Rau, and Kristin Shaw, Lefschetz (1,1)-theorem in tropical geometry,
Épijournal Geom. Algébrique 2 (2018), Art. 11, 27. MR3894860 ↑1, 2, 3, 4, 14, 27, 36, 38, 40
[JSS19] Philipp Jell, Kristin Shaw, and Jascha Smacka, Superforms, tropical cohomology, and
Poincaré duality, Adv. Geom. 19 (2019), no. 1, 101–130. MR3903579 ↑3
[KS94] Masaki Kashiwara and Pierre Schapira, Sheaves on manifolds, Grundlehren der Mathematis-
chen Wissenschaften, vol. 292, Springer-Verlag, Berlin, 1994. With a chapter in French by
Christian Houzel, Corrected reprint of the 1990 original. MR1299726 ↑15, 43
[Lyu01] V. V. Lyubashenko, External tensor product of perverse sheaves, Ukraïn. Mat. Zh. 53 (2001),
no. 3, 311–322. MR1834663 ↑41
[Mey11] Henning Meyer, Intersection theory on tropical toric varieties and compactifications
of tropical parameter spaces, Ph.D. Thesis, 2011. Available at https://kluedo.ub.uni-
kl.de/files/2323/compact_intersection.pdf. ↑13
[MS15] Diane Maclagan and Bernd Sturmfels, Introduction to tropical geometry, Graduate Studies in
Mathematics, vol. 161, American Mathematical Society, Providence, RI, 2015. MR3287221
↑39
[MZ08] Grigory Mikhalkin and Ilia Zharkov, Tropical curves, their Jacobians and theta functions,
Curves and abelian varieties, 2008, pp. 203–230. MR2457739 ↑6, 13
[MZ14] Grigory Mikhalkin and Ilia Zharkov, Tropical eigenwave and intermediate Jacobians, Homo-
logical mirror symmetry and tropical geometry, 2014, pp. 309–349. MR3330789 ↑1, 2, 3, 4,
8, 38
[Rud] Helge Ruddat, A homology theory for tropical cycles on integral affine manifolds and a perfect
pairing. work in progress. ↑3
[Sha11] Kristin Shaw, Tropical intersection theory and surfaces, Ph.D. Thesis, 2011. Available at
https://archive-ouverte.unige.ch/unige:22758/ATTACHMENT01. ↑44
[Sha13] Kristin Shaw, A tropical intersection product in matroidal fans, SIAM J. Discrete Math. 27
(2013), no. 1, 459–491. MR3032930 ↑3, 42, 47
[Sha15] Kristin Shaw, Tropical surfaces, 2015. Preprint available at arXiv:1506.07407. ↑1
[She85] Allen Dudley Shepard, A cellular description of the derived category of a stratified space,
Ph.D. Thesis, 1985. MR2634247 ↑17
[Sma17] Jascha Smacka, Differential forms on tropical spaces, Ph.D. Thesis, 2017. Available at
https://epub.uni-regensburg.de/36262/. ↑3
[Swa64] R.G. Swan, The theory of sheaves, Chicago lectures in mathematics, The University of
Chicago Press, Chicago and London, 1964. ↑16
[Wei94] Charles A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced
Mathematics, vol. 38, Cambridge University Press, Cambridge, 1994. MR1269324 ↑24
[Zha13] Ilia Zharkov, The Orlik-Solomon algebra and the Bergman fan of a matroid, J. Gökova Geom.
Topol. GGT 7 (2013), 25–31. MR3153919 ↑8
E-mail address: andreas.gross@colostate.edu
E-mail address: farbod@math.ku.dk, farbod@uw.edu
